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MILNOR FIBERS AND SYMPLECTIC FILLINGS OF QUOTIENT 
SURFACE SINGULARITIES 


HEESANG PARK, JONGIL PARK, DONGSOO SHIN, AND GIANCARLO URZUA 

Abstract. We determine a one-to-one correspondence between Milnor fibers 
and minimal symplectic fillings of a quotient surface singularity by giving an 
explicit algorithm to compare them mainly via techniques from the minimal 
model program for 3-folds and Pihkham’s negative weight smoothing. As by¬ 
products, we show that: 

- Milnor fibers associated to irreducible components of the reduced versal 
deformation space of a quotient surface singularity are not diffeomorphic to 
each other. For this, we classify minimal symplectic fillings up to diffeomor- 
phism. 

- Any symplectic filling of a quotient surface singularity is obtained by a se¬ 
quence of rational blow-downs from a special resolution (so-called the maximal 
resolution) of the singularity, which is an analogue of the one-to-one correspon¬ 
dence between the irreducible components of the reduced versal deformation 
space and the so-called P-resolutions. 
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1. Introduction 


We show that two “smooth” objects — Milnor fibers and (minimal) symplectic 
fillings — associated to a quotient surface singularity {X, 0) coming from algebraic 
geometry and symplectic topology, respectively, are essentially the same. For this, 
we provide an explicit algorithm to identify Milnor fibers of a quotient surface sin¬ 
gularity with minimal symplectic fillings of its link using special partial resolutions 
(called P-resolutions) and the minimal model program for 3-folds. Conversely, we 
prove that every minimal symplectic filling of a quotient surface singularity is dif¬ 
feomorphic to the Milnor fiber of a smoothing of the singularity by constructing 
a smoothing whose Milnor fiber is diffeomorphic to the given minimal symplectic 
filling. For this, we apply Pinkham’s theory of smoothings of negative weight. 

As an explicit one-to-one correspondence is established between Milnor fibers 
and minimal symplectic fillings, one may apply results regarding Milnor fibers to 
minimal symplectic fillings, and vice versa. 

For instance, we classify minimal symplectic fillings of a quotient surface sin¬ 
gularity given in Bhupal-Ono [5] up to diffeomorphism in Section from which 
we conclude that Milnor fibers associated to irreducible components of the reduced 
versal deformation space of a quotient surface singularity are non-diffeomorphic to 
each other; Theorem |10.5| On the other hand, it has been known that every Milnor 
fiber of a quotient surface singularity is given as a smoothing of a certain partial 
resolution (so-called P-resolution) and every P-resolution is dominated by a spe¬ 
cial resolution (so-called the maximal resolution) of the singularity; cf. KSB [22]. 
Then we show that every minimal symplectic filling of a quotient surface singularity 
can be constructed from the maximal resolution via rational blow-down surgery; 
Theorem 111.31 

1.1. Milnor fibers and symplectic fillings. We recall briefly some relevant no¬ 
tions. Let (A, 0) = (C^/G, 0) be a germ of a quotient surface singularity, where G 
is a small finite subgroup of GP(2,C). A smoothing of (A, 0) is a proper flat map 
tt: A —)• A, where A = {t S C : |t| < e}, from a threefold isolated singularity (A,0) 
such that (7r“^(0),0) = (A,0) and 7r“^(t) is smooth for every t 0. The Milnor 
fiber M of a smoothing tt of (A,0) is a general fiber n~^{t) (0 < t <C e). 

Assume that (A, 0) C (C^,0), which is always possible. If P C is a small 
ball centered at the origin, then the small neighborhood A n P of the singularity is 
contractible and homeomorphic to the cone over its boundary L := X (1 dB. The 
smooth compact 3-manifold L is called the link of the singularity. The topology 
of the germ (A, 0) is completely determined by its link L. The link L admits a 
natural contact structure ^stj so-called Milnor fillable contact structure, where a 
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contact structure on a 3-manifold is a two-dimensional distribution ^ given as the 
kernel of a one-form a such that aAda is a volume form. The Milnor fillable contact 
structure ^st on L is defined by complex tangency of the complex structure J along 
L, that is, those tangent planes to L that are complex with respect to the complex 
structure near L; i.e., ^st = keragt = TL f] JTL. A (strong) symplectic filling of 
(A, 0) is a symplectic 4-manifold {W,uj) with the boundary dW = L satisfying the 
compatibility condition w = dast ■ One may also define a so-called weak symplectic 
filling. But it is known that two notions of symplectic fillings coincide in our case 
because the link L is a rational homology sphere. So we simply call them symplectic 
fillings. Finally a Stein filling of (A, 0) is a Stein manifold W with L as its strictly 
pseudoconvex boundary and ^st is the set of complex tangencies to L. It is clear 
that Stein fillings are minimal symplectic fillings. 

Minimal symplectic fillings are classified by Lisca [2l] for cyclic quotient singu¬ 
larities and Bhupal-Ono [3] for non-cyclic quotient singularities. According their 
results, any minimal symplectic fillings of quotient surface singularities are given 
as complements Z — E^o of the so-called compactifying divisor E^o embedded in 
a smooth rational 4-manifold Z, where Eoo is a collection of symplectic 2-spheres 
depending only on the singularity A itself, not on symplectic fillings; See Defini¬ 
tions |3.1[|3.5[ 

On the other hand, according to the general theory of Milnor fibrations (see 
Looijenga [5S] for example), the Milnor fiber M is a compact 4-manifold with 
the link L as its boundary and the diffeomorphism type of M depends only on the 
smoothing tt. Furthermore M has a natural Stein (and hence symplectic) structure, 
and so it provides a natural example of a Stein (hence minimal symplectic) filling 
of L. 

Therefore it would be an intriguing problem to compare Milnor fibers and min¬ 
imal symplectic fillings. In particular there are two basic questions: How can one 
identify Milnor fibers as minimal symplectic fillings, that is, as complements Z—Eco 
in the lists of Lisca [24] and Bhupal-Ono [4]? And is every minimal symplectic fill¬ 
ing obtained from a Milnor fiber? that is, for any given minimal symplectic filling, 
is there a Milnor fiber which is diffeomorphic to the minimal symplectic filling? 


1.2. Classification of symplectic fillings. First of all we classify symplectic 
fillings up to diffeomorphism, which is also one of the fundamental problems in 
contact and symplectic geometry. 

For a cyclic quotient surface singularity (that is, G is a finite cyclic group), 
McDuff [26] classified symplectic deformation classes of minimal symplectic fillings 
of cyclic quotient surface singularities of type ^(1,1). Ohta and Ono [32| investi¬ 
gated symplectic fillings of A„-singularities. Then Lisca |23| presented a complete 
classification of symplectic fillings of any cyclic quotient surface singularities up to 
orientation-preserving diffeomorphism. Indeed his classification is up to orientation¬ 
preserving homeomorphism. 

We briefly review Lisca’s classification. For details, see Section Let (A, 0) be 
a cyclic quotient surface singularity of type ^(l,a) with (n, o) = 1. The link of 
A is the Lens space L[n,a). Lisca [24j parametrized minimal symplectic fillings 
of (A, 0) by a set Keiji/n — a) of certain sequences of integers k = (/ci,..., fcg) G 
N® (see Definition 4.3). That is, by surgery diagrams, he constructed compact 
oriented 4-manifolds Wn^aik) with boundary L(n,a) which are parametrized by 
k G Kf.{n/n — a) and showed that lF„_a(fc) is a Stein filling of Lin, a). Finally he 
proved that any symplectic filling of L(n, a) is orientation-preserving diffeomorphic 
to a manifold obtained from one of the Wn,a{k) by a composition of blow-ups; so 
every minimal symplectic filling is diffeomorphic to a Wn,aik). 
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For non-cyclic quotient surface singularities, Ohta and Ono [35] classified sym- 
plectic fillings of non-cyclic ADE singularities, that is, Dn,E^,E'j,Es singularities. 
They showed that there is only one diffeomorphism type of symplectic fillings for 
each non-cyclic ADE singularities. Then Bhupal and Ono |1] provided a list of all 
possible minimal symplectic fillings for all non-cyclic quotient surface singularities. 

As mentioned above, according to Bhupal-Ono @], any minimal symplectic fill¬ 
ing VF of a non-cyclic quotient surface singularity X is orientation-preserving dif- 
feomorphic to the complement Z — v{Eao) of a regular neighborhood v{Eoo) of 
the compactifying divisor E^ of X embedded in a certain rational symplectic 4- 
manifold Z. The rational symplectic 4-manifold Z is called the compactification of 
W. Bhupal-Ono |1| presented a complete list of ways of constructing (Z D E^o) 
up to symplectic deformation equivalence from CP^ or CP^ x CP^ by successive 
blow-ups. 

In Section we classify minimal symplectic fillings of non-cyclic quotient surface 
singularities up to orientation-preserving diffeomorphism. 


Main Theorem 1 (Theorem |5.5[ Corollary 5.7 1 . Any two minimal symplectic 
fillings of a non-cyclic quotient surface singularity in the list of Bhupal-Ono |4] are 
not orientation-preserving diffeomorphic to each other. Furthermore there are no 
exotic symplectic fillings for a non-cyclic quotient surface singularity. 


Combined with the classification of Lisca [53| for symplectic fillings of cyclic 
quotient surface singularities, one can conclude that there are no exotic symplectic 
fillings for any quotient surface singularity. 

We use a similar strategy of Lisca [24]. Let Wi and W 2 be two minimal sym¬ 
plectic fillings of a non-cyclic quotient surface singularity X. Suppose that Wi 
is orientation-preserving diffeomorphic to Zi — v{Eco), where Zi is a rational 4- 
manifold. We show that any diffeomorphism (p: Wi —> W 2 (if any) can be extended 
to a diffeomorphism 4>: Zi —)■ Z 2 such that (p preserves the compactifying divi¬ 
sor Eoo- Since Wi = Zi — Eao is assumed to be minimal, every (—l)-curve in Zi 
should intersect with E^o in Zi. Since (p also preserves (—l)-curves, we show that 
the diffeomorphism type of a minimal symplectic filling W of a non-cyclic quotient 
surface singularity is completely determined by the data of the intersections of 
(—1)-curves in Z with E^o- It is easy to check that the positions of (—I (-curves are 
all different for each minimal symplectic filling in the list of Bhupal-Ono |3] , which 
proves the first part of Main Theorem 1. Furthermore, in Corollary |5.7[ we show 
that the above proof can be easily extended to the case of orientation-preserving 
homeomorphisms; hence there are no exotic symplectic fillings as asserted. 


1.3. Explicit correspondence: Prom Milnor fibers to symplectic fillings. 

We provide an explicit algorithm for identifying a given Milnor fiber as a minimal 
symplectic filling, that is, as complements Z — E^o- For this, we apply some tech¬ 
niques from the minimal model program for 3-folds such as divisorial contractions 
and flips. 

We first compactify a given smoothing of (A, 0). We briefly sketch the idea: Let 
M be the Milnor fiber of a smoothing tt : A —^ A of a quotient surface singularity 
X. Let Y' ^ X he the P-resolution corresponding to tt. According to Behnke- 
Christophersen |3], there is a special partial resolution, so called, M-resolution Y 
X dominating Y' (See Definition 6.14), and a Q-Gorenstein smoothing (p: y ^ A 
such that the smoothing (p blows down to tt. We have a commutative diagram 
as described in Figure]^ It is easy to show that a general fiber Yt = (p~^(t) is 
isomorphic to Xt = Tr~^t). Therefore we have 


M = Yt. 
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(a) M-resolutions (b) compactifications 


Figure 1. Deformations of partial resolutions and natural com¬ 
pactifications 


We then compactify X and Y to compact complex surfaces, following Lisca (53] 
and Pinkham , so that the two smoothings 3^ —?► A and dl —>■ A can be extended 
to the deformations 3^ —> A and A” —>■ A of the natural compactifications X and Y 
of X and Y, where X and Y are obtained, roughly speaking, by pasting a regular 
neighborhood of the compactifying divisor Eao of X (See Section [7] for the 

definition of the natural compactification). We again have a commutative diagram, 
as described in Figurejl] 

The deformations 3^ —>■ A and T —>■ A are locally trivial along E^o- So the 
Milnor fiber Yt is given as the complement of the compactifying divisor E,^ in a 


general fiber Yt (which is called a compa ctifie d Milnor fiber; See Definition 7.6 ) of 
the deformation 3^ —)• A; See Proposition 


7.5 


So we have 


M = Yt = Yt - E^ 


We need to recognize (Yt, E^o) as {Z, E^o) in the lists of Lisca [ 21 ] and Bhupal- 
Ono |4j. For this, we show that 

Main Theorem 2 (Theorem |9.4[ ). By applying specific divisorial contractions and 
flips in a controlled and explicit manner to the deformation y ^ A, we obtain a 
new deformation W — >■ A such that all of its fibers are smooth. 


During this minimal model program (in short, MMP) process, we can track down 
special (—l)-curves appearing in the general fiber, and at the end, since all fibers 
of W —?► A are smooth, we can also see (—l)-curves in the general fiber Wt coming 
from (—l)-curves in Wq. Using this fact, we show that a general fiber Yt can be 
obtained from an explicit general fiber Wt by blowing up several times in a specific 
manner. In this way, we get an explicit data of the intersections of (—l)-curves in 


Yt with Eao, and so we can identify {Yt, D) as {Z, E^o) in the lists of Lisca | 21 | and 
Bhupal-Ono [4]. 

As a byproduct, this explicit MMP gives another proof of Stevens’ result on 
the one-to-one correspondence between the set of P-resolutions of a cyclic quotient 
surface singularity (A, 0) of type ^(l,a) and the set of zero continued fractions 
Ke{n/n — a) described in Definition |4.3[ see Corollary 
this shows a geometric way to connect directly Lisca’s 
Barron’s [ 22 ] one-to-one correspondences. 


10.1 More importantly. 


and Kollar-Shepherd- 
By NemethUPopescu-Pampu [30]) h 
also connects Christophersen-Stevens ’ [loiiia correspondence, together with the 
one induced by the M-resolutions of Behnke-Christophersen [3], and in particular 
we answer the question raised in Nemethi-Popescu-Pampu [301 §11-2]. 
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Furthermore, as we classified minimal symplectic fillings of quotient surface sin¬ 
gularities up to diffeomorphism, the above explicit identification of Milnor fibers 
induces the classification of Milnor fibers up to diffeomorphism as follows: 


Main Theorem 3 (Theorem 10.5). The Milnor fibers associated to irreducible 
components of the reduced semi-universal deformation space of a quotient surface 
singularity are non-diffeomorphic to each other. 

1.4. Explicit correspondence: Prom minimal symplectic fillings to Milnor 
fibers. The question is that, for a given minimal symplectic filling, there is a Milnor 
fiber which is diffeomorphic to the minimal symplectic filling. 

For cyclic quotient surface singularities, Ohta and Ono |32j proved that a mini¬ 
mal symplectic filling of an ^„-singularity is diffeomorphic to its Milnor fiber. Then 
Nemethi and Popescu-Pampu |30j showed that every minimal symplectic filling of 
a cyclic quotient surface singularity is diffeomorphic to a Milnor fiber of the sin¬ 
gularity, and they provided an explicit one-to-one correspondence between Milnor 
fibers and minimal symplectic fillings. 

We briefly review related results. As mentioned above, minimal symplectic fill¬ 
ings of a cyclic quotient surface singularity of type ^ (1, a) are parametrized by Lisca 
by the set Ke{n/n— a) of certain sequences of integers k = {ki,... ,ke) G N®. On 
the other hand Christophersen m, Stevens [ 13 ], and de Jong and van Straten m 
parametrized by the same set Ke(ri/n — a) (but with different methods) the re¬ 
duced irreducible components of the versal deformation space of (A, 0). Since each 
component contains a smoothing because (A, 0) is a rational singularity, the dif¬ 
feomorphism types of Milnor fibers are invariants of irreducible components of the 
versal deformation space of the singularity (A, 0). Hence Milnor fibers of (A, 0) 
are also parametrized by the same set Kf.{nln — a). So Lisca p.768] raised the 
following conjecture: The Milnor fiber of the irreducible component of the reduced 
versal base space of the cyclic quotient surface singularity (A, 0) parametrized by 
k G Ke{n/n — a) is diffeomorphic to Wn^aik)- The conjecture was solved affir¬ 
matively by Nemethi-Popescu-Pampu [ 30 ]. In order to identify Milnor fibers with 
Stein fillings, they used the explicit equations of reduced versal base space of cyclic 
quotient surface singularities developed by Riemenschneider [40] and Arndt [1]. 

For non-cyclic quotient surface singularities, Ohta and Ono [ 32 ] showed that any 
minimal symplectic fillings of non-cyclic ADE singularities (i.e., Eg, Ej, Eg, sin¬ 
gularities) are diffeomorphic to their Milnor fibers. However, the correspondence 
between Milnor fibers and minimal symplectic fillings of the other non-cyclic quo¬ 
tient singularites remained widely open. 

All possible minimal symplectic fillings of non-cyclic quotient surface singularity 
were found by Bhupal-Ono [ 2 ] as mentioned above. On the other hand, Milnor 
fibers are invariants of the irreducible components of the reduced versal deforma¬ 
tion space of A. According to Kollar-Shepherd-Barron [ 22 ] j there is a one-to-one 
correspondence between the irreducible components and P-resolutions of A (which 
are special partial resolutions of A admitting only singularities of class T. See 


Definition 6.4). Therefore Milnor fibers of irreducible components are in one-to-one 
correspondence with P-resolutions. Stevens |44j determined all P-resolutions of 
quotient surface singularities. 

We found that the number of P-resolutions in Stevens [ID and that of minimal 


symplectic fillings in Bhupal-Ono [4] are the same (cf. Remarks 4.12 6.11). Hence 
it would be natural to raise the question: Is there a one-to-one correspondence 
between Milnor fibers and minimal symplectic fillings also for non-cyclic quotient 
surface singularities? Since a Milnor fiber is a minimal symplectic filling, the ques¬ 
tion is if every minimal symplectic filling can be realized as a Milnor fiber. We give 
an affirmative answer in Section m 
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Main Theorem 4 (Theorem 11.2 1 . Let (X,0) he a quotient surface singularity, 
and let {W,lo) he a minimal symplectic filling of (X, 0). Then there is a smoothing 
tt: T —> A of{X,0) such that W is diffeomorphic to the Milnor fiber ofn. 

That is, every minimal symplectic filling of a given quotient surface singularity 
can be realized as a Milnor fiber. Therefore we show that there is a one-to-one 
correspondence between minimal symplectic fillings and Milnor fibers of irreducible 
components of the reduced versal deformation space for any quotient surface sin¬ 
gularities (not only cyclic quotient surface singularities). Main Theorem 2 above is 
a generalization of the results of Nemethi-Popescu-Pampu [30] for cyclic quotient 
surface singularities and Ohta-Ono [35] for ADE singularities. 

For the proof, we apply Pinkham’s negative weight smoothing technique |39j . 
By Lisca |21| and Bhupal-Ono |1], every minimal symplectic filling of a quotient 
surface singularity is symplectic deformation equivalent to the complement of the 
compactifying divisor Eao in a certain rational complex surface Z. There are com¬ 
plete lists in Lisca [24] and Bhupal-Ono [4] of {Z,Eoo) corresponding to minimal 
symplectic fillings. We show that, for each pair (Z,Eoo) in these lists, the divi¬ 
sor Eao supports an ample divisor E in Z. So there is an embedding of Z into a 
projective space CP" by the linear series |m£’| for some m ^ 0. Taking the affine 
cone C{Z) over Z, it follows by Proposition 11.1 (essentially by Pinkham |39l The¬ 
orem 6.7]. See also SSW |46l Theorem 8.1] and Fowler [T4| Theorem 2.2.3]) that a 
hyperplane section of C{Z) through the origin is just the original singularity {X, 0) 
and, by moving hyperplane sections, we get a smoothing of (A, 0) whose Milnor 
fiber is diffeomorphic to the complement Z — E^o ■ 

On the other hand, according to KSB [21|, every Milnor fiber of a quotient 
surface singularity (A, 0) can be obtained topologically by rationally blowing down 
the corresponding P-resolution (cf. Corollary 7.3), and every P-resolution of a 


quotient surface singularity is dominated by the so-called maximal resolution of 
the singularity, which can be obtained uniquely by an explicit sequence of blowing- 
ups from its minimal resolution (See Definition 6.5 Proposition 6.7). Therefore 
Main Theorem 4 above implies that 


Main Theorem 5 (Theorem 11.3). Any minimal symplectic filling of a quotient 


surface singularity is obtained by a sequence of rational blow-downs from its unique 
maximal resolution. 

Bhupal and Ozbagci [6] also proved a similar result for cyclic quotient surface 
singularities by using a Lefschetz fibration technique. 


Organization. The paper is organized as follows. After reviewing generalities on 
quotient surface singularities in Section]^ we explain how to compactify a quotient 
surface singularity and its smoothing in Section ^primarily based on Pinkham [381 
133] . We introduce the classifications of Lisca |2i[ and Bhupal-Ono |1] on minimal 
symplectic fillings in Section and then we classify minimal symplectic fillings of 
non-cyclic quotient surface singularities up to diffeomorphism in Section 

We apply techniques of the minimal model program for 3-folds (introduced in 
Section]^ for identifying Milnor fibers as minimal symplectic fillings in Section]^ 
Indeed we show that every Milnor fiber is given as a complement of the compacti¬ 
fying divisor in a rational complex surface in Section where the rational surface 
is obtained by a general fiber of a smoothing of the corresponding M-resolution 
which is introduced in Section As applications, in Section we provide an¬ 
other proof of Stevens’ result [33] on the one-to-one correspondence between the set 
of P-resolutions of a cyclic quotient surface singularity and the set of certain zero 
continued fractions. Furthermore we classify Milnor fibers up to diffeomorphism 
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associated to the irreducible components of the reduced semi-universal deformation 
space of quotient surface singularities. 

Finally, in Sectionj^we establish an explicit correspondence from minimal sym- 
plectic fillings to Milnor fibers by proving that every minimal symplectic filling is 
diffeomorphic to a Milnor fiber. As a corollary, we prove that every minimal sym¬ 
plectic filling of a quotient surface singularity can be obtained from the maximal 
resolution by applying a sequence of rational blow-down surgeries. 
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2. Generalities on quotient surface singularities 

To fix notions and notations we recall some basics on quotient surface singulari¬ 
ties. Let {X, 0) = (C^/G, 0) be a germ of quotient surface singularity, where G is a 
finite subgroup of GL(2,C). One may assume that G does not contain any reflec¬ 
tions. It is known that, for two finite subgroups Gi and G 2 of GL(2,C) without 
reflections, (C^/Gi,0) is analytically isomorphic to (C^/G2,0) if and only if Gi is 
conjugate to G 2 . Therefore it is enough to classify finite subgroups of GL(2,C) 
without reflections up to conjugation for classifying quotient surface singularities 
(C^/G,0). We may assume that G C U{2) because G is finite. Then the action 
of G on lifts to an action on the blowing-up of at the origin. So G acts 
on the exceptional divisor E = CP^, where the action is induced by the double 
covering G CU{2) ^ PU{2) = SO{3). The image of G in SO{3) is either a (finite) 
cyclic subgroup, a dihedral group, the tetrahedral group, the octahedral group, 
or the icosahedral group. Therefore quotient surface singularities are divided into 
five classes: cyclic quotient surface singularities, dihedral singularities, tetrahedral 
singularities, octahedral singularities, and icosahedral singularities. 

2.1. Hirzebruch—Jung continued fractions. We denote by [ci, ■ ■ ■ ,Ct] {ci > 1) 
the Hirzebruch-Jung continued fraction defined recursively by [c*] = Ct, and 

[Ci, Ci+l, . . . , Ct] = Ci — — 

[Cz + l; ■ • ■ ; CiJ 

A continued fraction [ci,..., ct] of integers often represents a chain of smooth ra¬ 
tional curves on a complex surface whose dual graph is given by 


-Cl 


-C2 


-Ct-l 


-Ct 
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So we use the term blowing up for the following operations: 

[ci, . . . , Ci-I, Ci+1, . . . ,Ct] !—>■ [ci, . . . , Ci-I + 1,1, Ci+1 + 1, . . . , Ct] 
[C2,...,ct] [l,C2 + l,...,Ct] 

[Ci, . . . ,Ct] [Ci, . . . ,Ct + 1, 1] 


Let n and a be positive numbers with n > a. Then the continued fraction 
expansions of n/a and n/{n — a) are dual. That is, one finds the one form from the 
other with Riemenschneider’s point diagram [40]: Let 

— [^ 1 5 ■ ■ ■ 5 ; — [R1 5 R2 5 ■ ■ ■ ; Re] ■ 

a n — a 

Place in the +th row 0 ^ — 1 dots, the first one under the last one of the (i — l)-st 
row; then, the column j contains bj — 1 dots, and vice versa. 

Example 2.1. For n = 19, a = 7, we have ^ = [3,4,2] and = [2,3, 2,3]. Its 
Riemenschneider’s point diagram is 


Furthermore we remark that 

[6i,...,6r,l,ae,---,ai] =0, 

which implies that the linear chain of CP^ ’s 

— bi —b2 —br-l —br —1 —fle —02 —Ol 


is blown down to • . 

2.2. Minimal resolutions. We recall the dual graph of the minimal resolution of 
quotient surface singularities. 

2.2.1. Cyclic quotient surface singularities. Let G be a (multiplicative) cyclic group 
of order n generated by a n-th root of unity (). A cyclic quotient surface singularity 
(A, 0) of type ^(1, a) with 1 < a < n and (n, a) = 1 is a quotient surface singularity 
where G acts by 

C- ix,y) = iCx,Cy)- 

The dual graph of the minimal resolution of (A, 0) is given by 

— bl —62 —br-l —br 


where 

Tl 

- = [61,62,...,M 

with bi > 2 for all i. 

2.2.2. Dihedral singularities. Let (A, 0) be a dihedral singularity of type Dn^a, 
where 1 < a < n and (n, a) = 1. The dual graph of the minimal resolution of 
(A, 0) is given by Figure [^A), where 

Tl 

- = [6,61,62,...,6.] 

with 6 > 2 and bi >2 for all i. 
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-2 


— b —bi 
(a) dihedral 


-br^ 


-2m -2m 

-2 -2 -b -bi ~^b^ -3 -b -bi ~^br. 

(b) type (3,2) (c) type (3,1) 

Figure 2. The dual graphs of the minimal resolutions of non- 
cyclic quotient singularities 


2.2.3. Tetrahedral, octahedral, icosahedral singularities. Let (X, 0) be a tetrahedral, 
octahedral, or icosahedral singularity. The minimal resolution has a central curve 
Co with Co • Co = —b {b > 2) and three arms. See Figures [^B) and 2(C). One of 

the arms is always • . Another arm is •—• or • . Bhupal-Ono [1] divided 
tetrahedral, octahedral, icosahedral singularities into two types: type (3, 2) if an- 

—2 —2 —3 

other arm is •—• and type (3,1) if another arm is • . For a complete list of 
dual graphs, refer Riemenschneider [H] or Bhupal-Ono g]. 

Example 2.2. The icosahedral singularity / 3 o(b- 2 )-i -23 is of type (3,1) and the dual 
graph of its minimal resolution is given by 


•- 


-3 



-3 


-2 


3. Natural compactifications and compactifying divisors 

Let (A, 0) be a quotient surface singularity. We introduce a compactification of 
X “compatible” with its smoothings. We refer Lisca (23] for cyclic quotient surface 
singularities, and Pinkham |381139j for non-cyclic quotient surface singularities. 

3.1. Cyclic quotient surface singularities. Let (A, 0) be a cyclic quotient sur¬ 
face singularity of type 3(1^ q). Let Fi be a ruled surface over CP^. Let Sq and 
S'oo be two sections with So • Sq = —1 and S^o ■ S^o = 1, and let F be a fiber. One 
can blow up Fi appropriately at p G Sq D F , and at the infinitely near points over 
p, so that one obtain the following linear chain of CP^’s starting from the proper 
transform Sq of Fq and ending with the proper transform Soo of Soo- 

— bi —62 —br-i —br —1 —dg —Cl 2 1 — dl +1 

So Do Do 

where 

- = [hi,...,br\, = [ai,...,Oe]. 

a n — a 
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Definition 3.1. Let X be the blown-up of the Hirzebruch surface Fi that contains 
the configuration in Equation (3.1) above. Contracting the configuration 


-bi 



(3.2) 


in X, we get a singular surface X with the cyclic quotient surface singularity {X, 0), 
which is called the natural compactification of X. We call the effective divisor 


e 

Eca = Sea + 'y ] Di C X 

i=l 


the compactifying divisor of X. The C*-compactification of X, which is denoted 
by X, is the singular surface obtained by contracting the linear chains 


1 — ai 


(3.3) 


in X. The image Eca in X of the (-l-l)-curve Sea in X is called the singular 
compactifying divisor oi X. In summary, we have 

X -A (X,E^) ^ {X,E^) ^ {X,Eeo). 


Remark 3.2. If = 2 for all f, then there is no singularity on E^o- Otherwise 
there is one cyclic quotient surface singularity on Eoo- 


Lemma 3.3. Let X be the resulting blowing up surface o/Fi and let D be the simple 
normal crossing divisor in X corresponding to the configuration in Equation (3.1). 
Then 

iL2(X,r^(-logD)) =0. 


Proof. Since X is obtained from Fi by blowing up at the proper transforms of 
So + Sea + F, it follows by Flenner-Zaidenberg [H Lemma 1.5] that 

H^{X,T^i-\ogD)) = H^{F,,Trfi-logiSo + Sea + F))). 

From the standard exact sequence 

0 —>■ Ts{—log E) —>■ T 5 —>■ (BiffEi.s 0; 

for a smooth surface S and its simple normal crossing divisor E = Ei, we have 
H^{¥i,Trfi-\og{So + Sea + F))) = H^{¥i,Trfi-log{So + Sea)))- 
because F ■ E = 0. Therefore we need to prove that 

{¥,,Tr,{-logiSo + Sea))) = 0- 
On the other hand, by Serre duality, 

H^{¥i,Trfi-log{So + Sea))) = H^{¥i,nrfi\og{So + Sea)) O 
where = C1 fi (—250 ~ •^E). Using the residue sequence 
0 — y Llg — t ^s{log E) —^ t 0 

and the fact that 5o and Sea are numerically independent, we have that 

if°(Fi,OF,(log(5o + 5oo))) = 0 . 

Therefore the assertion follows. □ 


Proposition 3.4. Any smoothing of X can be extended to a deformation of X 
which is locally trivial on Eea, and hence, to a deformation of X that preserves 
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•— 

-2 



(a) dihedral 


-2 


-3 


b — 3 —0-1 


(b) type (3,2) 


-2i 


-2 6 — 3 — 0-1 

(c) type (3,1) 


Figure 3. The compactifying divisor Eao for non-cyclic quotient 
surface singularities. 


Proof. Let Dq be the exceptional divisor of the cyclic quotient surface singularity of 
type i(l,a) given in Equation (3.2) and let Di be the divisor corresponding to the 
linear chain given in Equation (3.3). In Lemma 3.3 one can delete the (—l)-curve 
in D so that 

H\X,T^{-\og{Do + D,))) = Q. 


Therefore, it follows from Y. Lee-J. Park [23l Theorem 2] that H'^{X,T-^) = 0, 
which implies that there is no local-to-global obstructions to deform X. Therefore 
the assertion follows. □ 


3.2. Non-cyclic quotient surface singularities. Let X = Spec(y4) be a germ 
of a non-cyclic quotient surface singularity. We refer to Pinkham [38l |39j for the 
details in what follows: Since Y is a weighted homogeneous surface singularity, it 
admits a good C*-action. Hence H is a graded ring. 

Definition 3.5 (cf. Pinkham [3H])- The projective surface X = Proj(H[t]) is clas¬ 
sically called the C*-compactification of X, where the degree of t is given by 1 in 
the graded ring A\t]. The difference Eao = X — X = Proj(H) is called the singular 
compactifying divisor of Y. It is known that there are three cyclic quotient surface 
singularities on Eao- Let Y —)■ Y be the resolution of singularities along E^o, and 
let Eao be the proper transform of E^o. We call Y and E^o the natural compactifi¬ 
cation and the compactifying divisor of Y, respectively. Finally, let Y —>■ Y be the 
minimal resolution of the quotient surface singularity (Y, 0). In summary, we have 

X ^ (X,E^) ^ {X,E^) ^ iX,E^). 

Proposition 3.6 (Pinkham [39l Theorem 2.9]). Every smoothing of X extends to 
a deformation of X which is locally trivial near Eao, and hence, to a deformation 
of X preserving E^o ■ 

The dual graph F of (Y, 0) is a star-shaped graph with the central curve Eq with 
Eq ■ Eq = —b and three arms as in Figure It is known that the dual graph F 
of the compactifying divisor E^o is also a star-shaped graph with the central curve 
E^ with E^ ■ E^ = b — 3, and three arms dual to the corresponding three arms 
of r. That is, the dual graph of E^o is given as in Figure]^ where 

- = [6i,...,M 
a n — a 

The dual graph of Y is given as in Figure 
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— bi —br —1 —fie —fll 


(a) dihedral 



—bi —br —1 —fie —fii 


(b) type (3, 2) 



— t>l —br —1 —fie —ai 


(C) type (3,1) 

Figure 4. The dual graph of X for non-cyclic quotient surface 
singularities. 

Remark 3.7. The natural compactification X of (X, 0) is given by X = Proj(A[t]), 
the projective cone over the singular compactifying divisor Eaa = Pi'oj(A), if X = 
Spec(A). So the minimal resolution X has a CP^-fibration structure over the central 
curve = CP^ of E^o ■ In this way, the concrete model for X can be constructed 
from the Hirzebruch surface F;, by blowing ups as follows: Let S'o and Sao be two 
sections with S'o • S'o = —& and Sac ■ Sao = b. Let Ei, F 2 , F 3 be three distinct fibers. 
Then, by blowing up appropriately at pi G FiCi S^o (* = 1, 2, 3), including infinitely 
near points over pi, one can construct the rational surface X with the configuration 
of smooth rational curves described in Figure It is not difficult to show that 
E['^{X,Ty) vanishes. Hence every smoothing of X can be extended to X and X. 

4. Minimal symplectic fillings 

As mentioned in Introduction above, Lisca [24] classified minimal symplectic 
fillings of a cyclic quotient surface singularity up to diffeomorphism and Bhupal- 
Ono [3] provided all minimal symplectic fillings of a non-cyclic quotient surface 
singularity. In this section we summarize Lisca’s result [24] and Bhupal-Ono’s 
result [3]. 

4.1. Minimal symplectic fillings of a cyclic quotient surface singularity. 

We first review Lisca’s classification [53]. Let (X, 0) be a cyclic quotient surface sin¬ 
gularity of type i(l, a), and let L be its link. Let IF be a minimal symplectic filling 
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of (^,0). Then W can be compactified as follows: By blowing-up Fi successively 
as in Section 3.1 above, one can obtain a rational complex surface X containing 
linear chains Eq and E^o of CP^’s whose dual graphs are 


— bi —b2 —br—l —br —CLe —1 —02 1 — Oi 1 

Eq = 9 -•... 9 - 9 Eqo —9 - 9 ... 9 - 9 - 9 


where 

- = [bi,...,br], -= [oi,... ,ae]. 

a n — a 

Let p(i?o) be a regular neighborhood of Eq. Then d{i'{Eo)) = L. 

Proposition 4.1 (Lisca PH Theorem 3.2, Proposition 3.4]). There is a symplectic 
form on the smooth f-manifold 

Z = WULiX- v{Eo)) 

which is compatible with the symplectic structure on W. Furthermore Z is a rational 
symplectic A-manifold. 

Definition 4.2. Let IT be a minimal symplectic filling of X. The above symplectic 
4-manifold Z = W Ul {X — ^{Eq)) is called the natural compactification of W. 

Since W = Z — v{Eoo) and W is minimal, every (—l)-curve in Z intersects 
Eao ■ Lisca |24) parametrized minimal symplectic fillings of a cyclic quotient surface 
singularity using the data of intersections of (—l)-curves with E^o as follows: 

Definition 4.3 (cf. Nemethi-Popescu-Pampu pQ]). 

(1) A sequence (ni,..., rze) € N® is admissible if the matrix M(ni,..., Ue) is 
positive semi-definite of rank at least e — 1, where M{ni ,..., rze) € Me_e(Z) 
is defined by Mi^i = Ui, Mij = —1 if \i — j\ = 1, and Mij = 0 otherwise. 
Denote by adm(N®) the set of admissible e-tuples. 

(2) For e > 1, we define 

Kf^injn — a) := 

{n = (ni,..., Ue) € adm(N®) | [ni,..., Ue] = 0 and 0 < Ui < a^, Vi}. 

Remark 4.4. For every (ni,... ,ne) G Ke{n/n—a), the Hirzebruch-Jung continued 
fraction [ni,... ,ne] can be obtained from [0] by blowing-ups; see Subsection |2.1[ 

Let n = {m,... ,ne) G Ke{nfn — a). We define a smooth 4-manifold Wn,a{n) 
associated to n as follows: Given two lines Li and L 2 in CP^, we blow up successively 
a line Li at a smooth point p G Li — L 2 including infinitely near points over p to 
obtain a linear chain of CP^ ’s whose dual graph is 

— Tie —712 1 — ni +1 

R 2 R'l ^2 

We then blow up the vertex i?' at {at — ni) distinct points for each z = 1,..., e so 
that one obtain a rational complex surface Z which contains a linear chain E^o of 
CP^’s whose dual graph is 

— Re —02 1 — Oi +1 

9 - 9 - 9 - 9 

Re R 2 Rl L 2 


Definition 4.5 (Lisca pH p.766]). For each n = (m,... ,ne) G Ke{n/n — a) in the 
construction above, the smooth 4-manifold Wn,a(n) is defined by 

bF„,a(?l) = ^ - v{E^). 

The main results of Lisca PH may be summarized as follows: 
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Theorem 4.6 (Lisca |24j'l. Let (^,0) he a cyclic quotient surface singularity of 
type ^(l,a). Then 

(1) Every Wn,ai'!l) is a Stein filling of {X,0). 

(2) Any minimal symplectic filling of (X, 0) is diffeomorphic to Wn^ain) for 
some n G Ke(n/n — a). 

(3) The manifold Wn^aill) is orientation-preserving diffeomorphic to a A-manifold 
Wn^aiind if ond only if n = m. 

In Section we present another proof of the existence of a one-to-one corre¬ 
spondence between minimal symplectic fillings and n € Kf,(n/n — a) by using a 
technique from the minimal model program for 3-folds; Corollary 1 10.1 

4.2. Minimal symplectic fillings of non-cyclic quotient surface singulari¬ 
ties. Let (X, 0) be a non-cyclic quotient surface singularity and let L be its link. 
We briefly summarize the main results of Bhupal-Ono [1] . 

Let X be the blown-up of the Hirzebruch surface Ff, discussed in Remark 
Let Eg C X he the exceptional divisor of the minimal resolution of (X, 0) and let 
Eac, C X be the compactifying divisor of (X, 0). 

Proposition 4.7 (Bhupal-Ono |1]). Let W be a minimal symplectic filling of 
(X, 0). Then there is a symplectic form on the smooth 4-manifold 

Z = WUli^{E^) 

which is compatible with the symplectic structure on W. Furthermore Z is a rational 
symplectic 4-manifold. 

Definition 4.8. For a minimal symplectic filling W of X, the symplectic 4-manifold 
Z = W Ul v{Eoo) is called the natural compactification of W. 

Remark 4.9. The symplectic deformation type of the pair {Z,Eao) associated to 
a given minimal symplectic hlling W is unique (Bhupal-Ono [H p.35]) and one can 
choose Z as a rational complex surface and E^o as a union of rational complex 
curves. 

Bhupal-Ono [1] proved that Z is rational by showing that there is a sequence 
of blow-downs and blow-ups transforming the compactifying divisor E^o in Z into 
a configuration containing a cuspidal curve with positive self-intersection number; 
then Z is rational by Ohta-Ono [33]. 

We present these blow-downs and blow-ups in Figure for dihedral singularities 
and in Figuresandfor tetrahedral, octahedral, and icosahedral singularities. We 
first blow-up successively (if necessary) the intersection point of the central curve of 
Eca and the third branch until the self-intersection number of the central curve has 
dropped to —1. Then we blow down or blow up as described in Figures]^ and 
so that we get a rational 4-manifold Z 2 with a cuspidal curve C with C ■ C > 0 and 
a linear chain of 2-spheres Ci,... ,Ck (plus some extra 2-spheres intersecting C at 
the cusp). Let C Z 2 be the proper transform of C Z. Since the blow-ups 
and blow-downs occur only on Eca and its proper transforms, we have 

W^Z-iy{E^)^Z2-u{E^). (4.1) 

Since W is minimal, every (—l)-curve in Z 2 should intersect i?oo- Let Z\ be the 
rational 4-manifold obtained by contracting all (—l)-curves in Z 2 — C, that is, the 
(—l)-curves not intersecting C. Then, according to Bhupal-Ono |4], Z\ can be 
obtained by a sequence of blowing-ups at p (including infinitely near points over p) 
in a cuspidal curve C in CP^ or CP^ x CP^ and (if necessary) some points on C as 
shown in Figures and For details, refer Bhupal-Ono [Ij. 


3.7 
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Figure 5. For dihedral singularities; Bhupal-Ono [H Figure 1] 


Conversely, we explain briefly how to blow up CP^ or CP^ x CP^ in order to get 
such a rational 4-manifold Z\. Once we get Z\ , we blow up points on ,..., to 
get Cl,..., Cfc so that we have Zi. Note that the sequence of blow-ups tt: Z 2 ^ Zi 
occur only on C[. 

In case of dihedral singularities (cf. Figure]^, if we start with CP^, then we 
need a cuspidal cubic (a plane curve of degree 3 with a cusp), and a line L passing 
through the cusp. We first blow up at the intersection point q with the line and 
the cuspidal curve, and then we blow up successively at a smooth point p of the 
cuspidal curve and at some infinitely near points over p to make the linear chain 
C'l,... We may need to blow up at some smooth points of the cuspidal curve 
(if necessary). Then we get the rational surface Zi. If we start with CP^ x CP^, 
then we need a cuspidal curve (a curve of type (2, 2) with a cusp), and a curve L of 
type (1,0) or (0,1). As before, we blow up successively at a smooth point p of the 
cuspidal curve and at some infinitely near points over p, to make the linear chain 
C'l,... If necessary, we blow up at some smooth points of the cuspidal curve. 
Then we get the rational surface Zi. 

In case of tetrahedral, octahedral, icosahedral singularities of type (3, 2) (cf. Fig¬ 
ure]^, we need only a cuspidal curve in CP^ or in CP^ x CP^. We then blow up 
at p including infinitely near points over p, and some smooth points of the cuspidal 
curve (if necessary) to get the rational surface Zi. 

Finally, for tetrahedral, octahedral, icosahedral singularities of type (3,1), the 
rational surface Zi is obtained only from CP^ x CP^. But there are two ways of 
blowing up and blowing down; we refer to Figure]^ In Case (A), we start with a 
cuspidal curve and two curves A and B of type (1, 0) and type (0,1), respectively, 
passing through the cusp singularity. We blow up at p including infinitely near 
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CP^ CP’- X CP"- 


Figure 6. For tetrahedral, octahedral, or icosahedral singularities 
of type (3, 2); Bhupal-Ono [H Figure 3] 


points over p and some smooth points of the cuspidal curve (if necessary) to get the 
rational surface Zi. In Case (B), we need a cuspidal curve and two curves A, A! 
of the same type (1,0) and a curve B of type (0,1) passing through the cusp. We 
first blow up at some point in B — {A Li A'), and then we blow up successively at 
p including infinitely near points over p to make the linear chain ..., C(,. Here 
the proper transform of A' becomes a curve C' for some i. Also, as before, one 
may need to blow up at some smooth points of the cuspidal curve. Then we get 
the rational surface Zi. 


Remark 4.10. In any case of Figures and if we blow up the cuspidal curve 
C in CP^ X CP^ at the other point pin order to obtain Z \, then we may obtain 
the same model {Z,E) from CP^ because CP^pCP^ = (CP^ x CP^)jlCP^. So, we 
may assume that there are no extra blow-up points other than p £ C in case we 
obtain Z\ from CP^ x CP^. 


Example 4.11 (Continued from Example 2.2). Let (A", 0) be an icosahedral sin¬ 
gularity .l 3 o( 5 - 2 )-i- 23 - Since it is of type (3,1), the rational 4-manifold Z 2 is given 
by 



where C • C = 5, Ci • Ci = -2, C 2 • 6*2 = - 2 , C 3 • 6*3 = -3, C 4 • (74 = -3. There 
are five models of Z^ and each model is obtained from CP^ x CP'^: 

• Case (A): #196 (1 x 6 * 3 ,2x C 4 ), #197 (1 x Ci, 2x (^ 4 ), #198 (1 xCa, 1 x 6 * 4 ) 
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-c + 2 -c+2 




Case (A) 


Case (B) 


Figure 7. For tetrahedral, octahedral, or icosahedral singularities 
of type (3,1); Bhupal-Ono [H Figure 5, 6, 10] 


• Case (B): #253 (C'i,C' 3;2 x C 4 ), New ( 6 * 4 ,C 4 ; 1 x Ca) 

Here, in both cases, the number #nn is the number of the model in Bhupal-Ono [ 3 ], 
tti X Ci means that there are distinct (—l)-curves intersecting Ci only in Za, and 
we do not write the number of (—l)-curves intersecting the cuspidal curve C. In 
Case (A), there is one (—l)-curve intersecting B only, which is not denoted again. 
In Case (B), {Cj,Ck; • • ■) means that there are two (—l)-curves such that one of 
them intersects B and Cj, and the other intersects C and C^, respectively. 


Remark 4.12. The model “New {€ 4 , 04 ; 1 x Ca)” in Example 4.11 above is not 
recorded in Bhupal-Ono [ 3 ]- Bhupal and Ono [ 5 ] confirmed that the number of 
possible models of Za was erroneously claimed to be four in their paper [3] and 
they checked again the list with their own program. 


Bhupal-Ono [3] showed that there are only finitely many ways to blow up CP^ 
or CP^ X CP^ for constructing Za, and they presented all possible ways of blow-ups, 
or equivalently, they presented all possibilities for the ways that (—l)-curves in Za 
intersect Eao- Then they concluded that 


Proposition 4.13 (Bhupal-Ono [3]). There are only finitely many symplectic de¬ 
formation types of minimal symplectic fillings of a non-cyclic quotient surface sin¬ 
gularity. 


4.3. Milnor fillable contact structure on the complement. In Proposition |4.1| 
and Proposition 4.7 above, we see that a minimal symplectic filling IF of a quotient 
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surface singularity (^,0) is given as a complement Z — v{Eao) where Eoo C Z is 
the compactifying divisor of (X, 0) embedded in a rational symplectic 4-manifold 
Z. Conversely, Lisca [ 21 ] and Bhupal-Ono | 1 | proved that if the compactifying 
divisor E^o is embedded in a rational symplectic 4-manifold Z, then the boundary 
of the complement Z — v{Eoo) admits a Milnor tillable contact structure; hence, the 
complement Z — v{Eoo) is indeed a symplectic filling of (X, 0). But Lisca [ 21 ] and 
Bhupal-Ono [4] used different methods. Here we present a uniform way to show 
the existence of Milnor fillable contact structure on d{Z — i/{Eoo))- 

Proposition 4.14. Assume that the compactifying divisor E^o of a quotient surface 
singularity (X, 0) is symplectically embedded in a rational symplectic ^-manifold 
Z. Then the boundary of the complement Z — v{Eco) admits a Milnor fillable 
contact structure induced from the symplectic structure of Z. Hence Z — v{Eoo) is 
a symplectic filling of{X,0). 


Proof. Let Eoo = ^Ei, where Ei is a symplectically embedded curve embedded in 
Z. By Bhupal-Ono jH p 34], there is an inward Liouville vector field on d(y{Eoo)). 
So the inward Liouville vector field induces a contact structure Oi on d{Z — v[Eco)). 
The contact structure Oi induces the Spin'^-structure which extends to v{E^) as a 
Spin'^-structure Si with the properties that Ci(si) satisfies the adjunction equality 
for all Ei. ^ 

On the other hand, let X be the blown-up of the Hirzebruch surface containing 
the configuration described in Equation ( |3.1| ) or in Remark 3.7 defined in Section]^ 
According to Gay-Stipsicz [16], d[v{Eaa)) C X also has an inward Liouville vector 
field, which induces Milnor fillable contact 02 on d{v{Eo)) = d{X — v{Eoo)) by 
H. Park-Stipsicz [36|. The contact structure ot 2 also induces a Spin'^-structure 
which extends to i/{Eao) as a Spin'^-structure S 2 with the properties that Ci(s 2 ) 
satisfies the adjunction equality for all Ei. 

Then ci(si) = Ci(s 2 ) on v{Eoo). Furthermore, since v{Eoo) is simply-connected, 
we have si = S 2 on v{Eao). Therefore the two restrictions of the Spin'^-structure si 
to d{Z — v{Eao)) and the Spin'^-structure S 2 to d{X — v{Eoo)) are the same. Note 
that d{i'{Eo)) = d{Z — v{Eaa)) = d{X — v{Eao)) and, furthermore, d{v{Eo)) is an 
L-space by Nemethi [29[ Theorem 6.3, 8.3] and Gorsky-Nemethi [13 Theorem 4]. 
Then two contact structures ai and 02 are contactomorphic by Gay-Stipsicz m 
Theorem 3.1]. Therefore ai is also Milnor fillable contact structure on Z — i/{Eao). 

□ 


5. Classification of minimal symplectic fillings 


We classify minimal symplectic fillings of a non-cyclic quotient surface singularity 
up to diffeomorphism in Theorem 5.5 based on the list of Bhupal-Ono [3j. 


5.1. Small Seifert fibred 3-manifolds. We briefly recall the definition and some 
properties of small Seifert fibred 3-manifold to fix conventions and notations. For 
details we refer to Orlik-Wagreich [35], Orlik [34], Jankins-Neumann [19], for ex¬ 
ample. 

A small Seifert fibred 3-manifold M = M{—b\ { 012 ,^ 2 )^ is a 3- 

manifold whose surgery diagram is given in Figure]^ where —b & 2,, 0 < fii < ai 
and (oi, fii) = 1 for all j = 1, 2, 3. The data 

(—5; (oi,,0i), ( 02 , ^ 2 ), (^3, h)) 

is called the normalized Seifert invariants of M. 

A small Seifert fibred 3-manifold M = M{—b\ (oi, /3i), ( 02 , / 32 ), ( 03 , fis)) can also 
be described as follows. Let S be an S'^-bundle over with Euler number —6, that 
is, S is the lens space L{b, 1). Take three disjoint small 2-disks Di, D 2 , D 3 on the 
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-b 



Pi _ ^ Ps 

P2 


Figure 8. Small Seifert 3-manifolds 


base such that the S'^-bundle S is locally trivial over Di, i.e., S = Di x over 
Di for all i = 1,2,3. Then the small Seifert fibred 3-manifold M is constructed 
by removing the solid tori Di x (i = 1, 2, 3) in S' and gluing back solid tori 
Ti = D'^ X (i = 1, 2, 3) to each d(Di x S^) (i = 1, 2,3), respectively, via the map 

fXi I y OiiQi PiHi^ 

where /li is a meridian of the solid torus X S^, Qi is a meridian of the solid torus 
Di X S^, and Hi is a fiber of the S^-bundle S lying on d{Di x S^). That is, 

M={S- uti(A X S^)) Ti T 2 U^3 T 3 . 

Here we call S — Ui^i{Di x S^) the body of M. On the other hand, the complement 
M — (^S — Uf^i{Di X S^)) of the body in M consists of open subsets of three lens 
spaces: Explicitly, 

M-{S- uti(A X S')) = Uti {L{a,, A) - x . 

The three open subsets 

L{a„Pi)-D^ X 

of M are called the arms of M. 

The center Li = {0} x of D"^ x glued to S' — (Di x S^) becomes a multiple 
fiber with multiplicity of M, that is, aAi = H, where iJ is a general fiber of M, 
and 

Qi — Pi Li 

in We call this multiple fiber Li the exeeptional fiber of type (oii,Pi). 

We summarize some well-known properties of a small Seifert fibred 3-manifold. 

Lemma 5.1. Let M = M(—&; (oi, A), ( 0 : 2 , A), (ci 3 , A)) be a small Seifert fibred 
3-manifold. 

(1) Let H he a general fiber of M. We may assume that H is contained in the 
body of M, that is, 

H c S'-uf^i(A X S'!). 

So H may be considered as a S^-fiber over the central lens space S = L{b, 1). 
Then it is a generator of Hi{S;Z). 

(2) The circle Qi = fiiLi is contained in the corresponding arm L{ai,Pi) — 
{D^ X S^). Then Qi is a generator of Hi{L{ai, Pi)]!^). 

(3) The first homology of M is generated by Qi,Q 2 ,Q^,H with the 

relations 


bH -\- Qi -\- Q 2 -l- Qs — 0, 

PjH — ajQj = 0 for all i = 1,2, 3. 
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The small Seifert fibred 3-manifold M can be regarded as a boundary of a 
plumbed 4-manifold. Let Tg and Too be the following star-shape graphs 


ro 


-b2r2 


T 


— ^21 


-a2e2 


— <^21 


r 

i 


-bi 


-bi 




— an 


b-3 


— 031 


-03e 


3 


where 


for i = 1,2,3. 


CXi 


\pil-i • ■ ■ j ^iri ]; 
\(lil , . . . , dici ] 5 


hj > 2 

Q j j 2 


Lemma 5.2. Let Vq and V^o be the 4-manifold obtained by plumbing Fq and Too, 
respectively. Then 

5(K)) = M{—b\ (ai, /3i), {a2,/32), {a^, /Sg)) =: Mg, 
d{Vco) = M{b — 3; (ai, ai — Pi), {a 2 , 02 — P 2 ), (ctS: CI 3 ~ Ps)) =■ Mao- 
Furthermore there is a diffeomorphism 

Mq —)■ —Moo 

which sends a general fiber of Mq to that of M^o ■ 

5.2. Classification up to diffeomorphism. We classify minimal symplectic fill¬ 
ings of a non-cyclic quotient surface singularity in Theorem |5.5[ 

Let {X, 0) be a non-cyclic quotient surface singularity. Let Eq be the exceptional 
divisor of its minimal resolution given by the star-shape graph Lg in Figurej^and let 
Eoo be the compactifying divisor of {X, 0) whose dual graph Too is given in Figure]^ 
Let Vg and V^o be the plumbed 4-manifolds from Eq (or Fg) and E^o (or Foo), 
respectively. One may identify the natural compactification Z = WUr {X — i/{Eq)) 
of W defined in Definition 14.81 as 

Z = W Uaiv=-av'oo ^00 ■ 

because dW = —dVoo- 

Lemma 5.3. With the same notations as in Lemma |5.^ there is a orientation¬ 
preserving diffeomorphism 

Go : Voo —t Voo 

such that its restriction go : M^o —t M^o to the boundaries induces a homomorphism 

go* '■ Hi (Moo ; 2) Hi (Moo; Z) 

such that go*{[H]) = -[H] and go*{[Qi\) = -[Qi] for all i. 

Proof. Notice that 14o is the plumbing of D^-bundles S{v) over corresponding 
to each vertex v of the graph E^o- We decompose S{v) as the following standard 
way 


S{v) = {Bl X D^) (B| X D^) 
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where B'^ = {{x,y) G | x'^ + y'^ <!}(* = 1,2,) and D'^ = {{u,v) G | u'^+v'^ < 
1}, and the pasting map </>„: (dBf) x —>■ (dB^) x L)^ satisfies 

4>n \{dBl)x{dD^) = 

ii V ■ V = n. One can define a diffeomorphism Go{v): S(v) ^ S{v) such that 
{{x, y), {u, v)) {{x, -y), {u,-v)) 

on Bi X -G Bi X D^. Then it is easy to show that the above diffeomorphisms 
Go(p) can be glued to a diffeomorphism Go : Voo —t Voo with the desired properties. 

□ 

Proposition 5.4. Let W and W' be (minimal) symplectic fillings of{X,0). Sup¬ 
pose that there is a diffeomorphism F: W' -G W. Then there is an orientation¬ 
preserving diffeomorphism 

F: Z' ^ Z 

between the natural compactifications of W and W such that F\w> = F and 
its induced map F^\ F[ 2 {Z';Z) —>■ F[ 2 {Z;'Z) satisfies T'*([Gi]) = [G^] for all i or 
T*([Gi]) = —[Ci] for all i, where Ci is the irreducible component of the compaetify- 
ing divisor Eoo C Z',Z. 

Proof. The restriction / := F\qw' ■ dW -G dW is a diffeomorphism between small 
Seifert fibred 3-manifolds. Then it follows by a general theory of diffeomorphisms 
of small Seifert fibred 3-manifolds (cf. Waldhausen , Boileau-Otal [S] , Birman- 
Rubinstein [7], Rubinstein [32]) that / is isotopic to a diffeomorphism which sends 
fibers of dW to that of dW. Therefore one may assume that / is a fiber-preserving 
diffeomorphism. Then there is a fiber-preserving diffeomorphism y. dVao dVao- 
Therefore it is enough to show that g can be extended to a diffeomorphism G: Voo —t 
Voo with desired properties. 

Let Moo = dVoo for simplicity. Then Moo = M{b — 3; {ai,ai — /3i), {ct 2 ,o :2 — 
/I 2 ), (Q! 3 , as — Ps)). Since g preserves fibers of Moo, by arranging the indices, one 
may assume that g sends the exceptional fiber of type {ai,ai — (3f) to the same 
exceptional fiber of type (a^, oti — (if). Then its restriction 

g-.S- uii(A xS^)^S- uLi(A X 5 I) 

is a fiber-preserving diffeomorphism. Then g is extended to a diffeomorphism G 
on the H^-bundle over which has three boundary components. We 

need to extend G into the plumbed 4-manifolds corresponding to the linear graphs 
[an,..., Oie] for i = 1,2, 3. Then, it follows by Bonahon |5] that the diffeomorphism 
G can be extended to the plumed 4-manifolds corresponding to the linear graphs 
[an,..., OieJ. Hence, we get a diffeomorphism F ■. Z' ^ Z such that F\w' = F. 
We now show that F* : H 2 {Z';Z) -G H 2 {Z;Z) satisfies the desired properties. 
Since g is a diffeomorphism preserving fibers, g* : FlAVoo','^) —t HAVoo', Z) sends 
[H] to [H] or -[H]. Assume first that gAW]) = [H]. 

Case 1: Dihedral singularities. 

By Rubinstein [32], since g*([iL]) = [H] in FlAMoo','^) for g: Moo —t Moo and g 
sends the exceptional fiber of type {ai, exi — A) to the same exceptional fiber of type 
(ai,ai — j3i), g is isotopic to the identity map. Therefore it follows by Bonahon [3] 
that g can be extended to the interior of each L{ai,ai — A) and, furthermore, 
[Cj\ I—> [Ci\. 

Case 2: Tetrahedral, octahedral, ieosahedral singularities. 

We claim that g*{\Qi]) = [Qi] for all i. 
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Note that any diffeomorphism L{ai,ai — j3i) —>■ L{ai,ai — j3i) is completely 
determined by the image of [Qi] because [Qi] is a generator of Hi{L{ai, cti —/3i); Z). 
There are only four possibilities: [Qi] i-A ±[(5i], or ±(ai — fii)[Qi] if (a^ — = 1 

(mod ai). But one can easily check that — Pi)'^ = 1 (mod a^) if and only if 
Oi - /3i = Oi - 1 in Case 2. Then (a* - l3i)[Qi] = -[Qi] in Hi{L{ai,a^ - I3i)-,Z). 
Therefore one may assume that there are only two possibilities: [Qi] i—>■ [Qi] or 
— [Qi]. Suppose that [Qi] i-a — [Qi] • Then there is an extension G: Voo —t Voo sends 
[H] i-A [H] but [Qi] i-A — [Qi], which contradicts that G: Voo —> Voo is a orientation¬ 
preserving diffeomorphism. Therefore the claim follows. Then one may apply the 
same argument in Case 1; then, the proof of Case 2 is done. 

Assume now that (7»([7?]) = —[H], 


By Lemma 5.3 there exists a diffeomorphism 


Go: Kx 




such that go*{[H]) = -[H] and go*{[Qi]) = -[Qi], where go = Go[dv^- Since 
[go o g)if{[H]) = [H], one can apply the above arguments to go o g so that there is 
a diffeomorphism J: Voo —t Ko such that J[av^ = go° g- Take G = Gq ^ o J. □ 


The last part of this section is devoted to the proof of the following classification 
theorem: 


Theorem 5.5. The minimal symplectic fillings of (A, 0) in the list of Bhupal- 
Ono [ 1 ] are non-diffeomorphic to each other. 


Proof. Let W and W be two minimal sy mplec tic hllings of {X, 0). Assume that W 
and W are diffeomorphic. By Proposition 5.4 there is a extension F: Z' ^ Z . We 
apply to Z and Z' the same procedure of blow-ups and blow-downs transforming 
the compactifying divisor into a configuration containing a cuspidal curve G as in 
Figure [5] or Figure [^[^ Then we have a diffeomorphism 

(f>: ^2 —^ ^ 2 , 


where Z 2 and Z 2 are the rational 4-manifolds (containing the corresponding cusp¬ 
idal curves) corresponding to Z and Z', respectively, described in Figures 
According to Equation (4.11, 


W = Z2-v{Eoo), W = Z'2-u{Eoo). 

Let El C CP^ be a line and let A, B C CP^ x CP^ be curves of type (1, 0), (0,1), 
respectively. We denote their homology classes again by [H], [A], [B]. Let [d] S 
H 2 (Z 2 ',’Ii) (i = 1 , ..., n) be the homology classes of the exceptional curves of the 
sequence of blow-ups from CP^ or CP^ x CP^ to Z 2 . Finally, let if be a (—l)-curve 
in Z 2 of the blowing-ups Z 2 Z'^ occurring on the curves G' C (z = 1,..., fc), 
whose processes are described also in Figures Note that (j)^^[Gi] = [G^] for 

all i or (/>*[Gi] = — [Gi] for all i. 

We briefly sketch the proof. In the following we will show that ^(if) (if ^*[Gi] = 
[Gi]) or —(fiE) (if (f)*[Ci] = — [Gi]) is a (—l)-curve whose homology class is same 
with that of one of the exceptional curves of the blowing-ups Z 2 ^ Z\. Then, since 
= [Gi] or (f>t,[Gi] = — [Gi] for all z = 1,..., fc, the two data of intersections of 
(—l)-curves with Gi,..., Gfc in Z 2 and Z 2 should be the same. But one can check 
that the intersection data in the list of Bhupal-Ono [1] are different to each other 
for a given quotient surface singularity except some exceptional cases. Hence the 
assertion of Theorem |5.5| follows if we can deal with the exceptional cases. 

The exceptional cases are as follows: Two minimal symplectic fillings W and 
W have the same intersection data, but W is obtained from CP^ x CP'^ and, on 
the other hand, W is obtained from CP^. By the same method as above, one can 
prove that there is a diffeomorphism (p: Z' 2 ^ Z 2 such that (j){E) (if (/)*[Gi] = [G^]) 
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or —4>{E) {(j)*[Ci\ = —[Ci]) is a (—l)-curve of Z 2 such that its homology class is 
same with that of one of the exceptional curves of the blowing-ups Z 2 ^ Z\. Then 
there is a isomorphism 

where is the intersection form on H'^{Z2',Z) under the basis containing [H], 
[CiJ’s, and the exceptional curves [i?]’s occurring from Z2 — t Z[ and Qz 2 is the in¬ 
tersection form on iJ^(Z 2 ;Z) under the basis containing [A], \B], and, in addition, 
[CiJ’s and </i*[i5]’s if (j)t[Ci] = [Ci] or — [C^J’s and —(/)*[£!]’s if = — [C^], re¬ 

spectively. Then, at first, blowing down E’s and (j>{Eys at the same time and then 
blowing down C- C Zi and C- = (j){Cl) C Zi {i = 1,... ,k), we get a isomorphism 

y*: (77^(CP^|1CP ;Z), QppSjjQss) —>• (i/^(CP^ x CP^; Z), Q^pixCrOi 
that is, we get the equivalence between the intersection matrix of CP^UCP^ and that 


follows. 

From now on, we will show that (j){E) (if = [Ci]) or —cj){E) (if (j)^,[Ci] = 

— \Ci]) is a (—l)-curve whose homology class is same with that of one of the excep¬ 
tional curves of the blowing-ups Z 2 ^ Zi. 

At first, we assume that 0*[Ci] = [Cij. 

Case 1: Dihedral singularities 

We divide Case 1 into two subcases. 

Case 1-1: Z^ is obtained from CP^ x CP^ by a sequence of blow-ups 
Note that {[A], [B], [ei],..., [e„]} is a basis for H2{Z2]1‘). Then 
4>*{[E]) = a[A] b[B] ^ Ci[ei] 

for some integers a,b,Ci in H 2 {Z 2 ;'Z). But (j){E) ■ A = Q. So we have 6 = 0. 
Therefore 

</>*([C]) = a[A] -h ^ c^Cij. 

Since (j){E) ■ cj){E) =—1, we have (a[4l]c^Cij) • (a[A]-|-^ c^Si]) = —1. Therefore, 
it follows that only one Ci„ = ±1 and the other c^’s (j iq) are all zero. Therefore 

= a[A] ± [ciJ. 

On the other hand, (t>{E) does not intersect the cuspidal curve C in Z 2 . Since 
[C] = 2[A\2[B] —'yy di[ei] for some di = 0 or 1, we have 

0 = (j){E) • C = 2a or 2a ± 1 

Therefore a = 0. Then 

y*[E) = ±[eij. 

Assume that fi^E) intersects Cs in Z 2 (cf. Figure [^. Since 

[Cs] = [e^j ~ [fiji] — • • • — [ejj 
for some ,jt, we have 

1 = M[E]) ■ [C«] = (icij • ([e^j - [cjJ-[e^J). 

Therefore (^* ([C]) = [ejfi for some s > 1 or 0* ([Fi]) = — [e^j. Suppose that (^*([C]) = 

— [e^j. Then 4>{E) intersect with a curve D whose homology class is given by D' — e/,, 
which is contradict to the fact that the intersection numbers of fi^E) with any other 
curves are zero. Therefore ^*([i?]) = [e^J, which implies that (j){E) is a (—l)-curve 
whose homology class is same with that of one of the (—l)-curves coming from the 
blowing-ups Z 2 —t Zi on Ci. 


of CP^ X CP^, which is a contradiction. Therefore the assertion of Theorem 


5.5 
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Therefore one can conclude that the data of intersections of (—l)-curves with 
Ci’s from Z 2 and Z 2 are the same if W and W are diffeomorphic. 

Case 1-2: Z 2 is obtained from CP^ by a sequence of blow-ups 

Since {[-ff], [ei],..., [e„]} is a basis for H 2 {Z 2 ;Z), we have 

4>*i[E]) = a[H] +y^Ci[ei] 

for some integers a, c^. Let L be the line passing through the cusp (cf. Figure]^. 
Let [ei] be the homology class of the exceptional curve of the blowing up at q € L. 
Let L be the proper transform of L in Z 2 . Then [L] = [H] — [ei]. Since (f>{E) ■ L = 0 , 
we have 

0 = 4>{E) ■ L = a -\- Cl- 

Therefore 

(f*i[E]) = a[H] -a[ei] + c, [cj]. 

i>2 

Furthermore, (j>{E) ■ (j){E) = —1. Then we have = ±1 for some io > 2, and the 
other Cj’s are all zero. Therefore 

</)*([£’]) = a[H] - a[ei] ± [ei„]. 

Since (j){E) does not intersect the cuspidal curve C and [C] = 3[Lf] —[ci]— di[ei\ 
for some = 0 or 1, we have 

0 = C-<i){E) = 2a or 2a ± 1. 

Therefore a = 0; hence, we have 

M{E]) = ±[eij. 

By a similar argument as Case I-l, one can conclude that = [eif\ and it 

is a (—l)-curve whose homology class is same with that of one of the (—l)-curves 
originated from the blowing-ups Z 2 ^ Zi. Therefore the two data on intersections 
of (—l)-curves with Cfs in Z 2 and Z 2 are the same. 

Case 2: Tetrahedral, Octahedral, Icosahedral singularities of type (3,2) 

Let C be the cuspidal curve in Z 2 . From the list of Bhupal-Ono [1], we have 
C • C = 3, 4, or 5. If C • C = 3 or 4, then one can easily check that the models of Z 2 
in their list have the different second Betti numbers. Therefore one can distinguish 
minimal symplectic fillings via the second Betti numbers. So one may assume that 

C'-C' = 5. 

We divide Case 2 into two subcases. 

Case 2-1: Z 2 is obtained from CP^ by a sequence of blow-ups 
Since {[H], [ei],..., [e„]} is a basis for H 2 {Z;Z), we have 

n 

(t>*{[E]) = a[H] +y^&j[ei] 

i=l 

for some a,bi S Z. On the other hand, let C be the cuspidal curve in Z 2 . Since 

[C] = 3[7L] — ^ di[ei] for some = 0 or 1, and since [Ci] = [eif\ — [e^J — --[e^J 

(i = 1,... ,fc) and {[Cl],... , [Ck]} C H2{Z;12) are linearly independent over Z, one 
may assume that 

{[C],[Ci],...,[Cfc],[ei],...,M} 
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is also a basis for H 2 {Z; Q) for some m < n, where ei,..., are the (—l)-curves 
obtained from the blowing-ups Z 2 Zi. Then we have 

k m 

= a[C] + ^ ^ 

i=l i=l 

for some a, j5i, 7 i G Q. Then, since So; = a G Z, we have 

a 

“^3 

for some a G Z. Then, since (j){E) ■ C = 0, we have 

0 = <j){E) -C = ba +Pi 


Therefore we have 

k m 

Mm = alC] - SaiCi] + ^ A[Q] 

2=2 2 = 1 


On the other hand, 

-1 = <p{E) ■ <j){E) = -f A 

where 


A = 

k m \ / k m 

—5a[C*i] -f ^ ^ ' 7i[6i] I ■ f ~5 q;[Ci] -I- i:aigi+i:7.ki 

2=2 2=1 / \ 2=2 2 = 1 

Since [Ci\ = [ei^] — [e^J — • • • — [e^J {i = 1,... ,k), we have A < 0. Therefore we 
have 5 q;^ — 1 < 0. But a = | for a G Z. Therefore a = 0ora = ±|. Ifa = 0, 
then one can show that = [cj^] for some to < to by a similar method used 

in the above cases. Therefore (j){E) is a (—l)-curve coming from the blowing-ups 
Z2 —y Zi- 

So it remains to prove that a cannot be ±1. Suppose on the contrary that 
a = ±i. Then 

n 

Mm = E[H]+Y,bM]- 

2=1 

Since (l){E) • (j){E) = — 1; so one may assume that 

= ±[E] ± [ei] ± [ 62 ]. 

But, we then have (j){E) • C 7 ^ 0, which is a contradiction. 

Case 2-2: Z 2 is obtained from CP^ x CP^ by a sequence of blow-ups 
Since {[A], [B], [ei],..., [e„]} is a basis for H 2 {Z]Z), we have 

n 

(/)4[^]) = a[A] -\-b[B] +y^c^[e^] 

2=1 

for some a, &, Ci G Z. On the other hand, if C is the cuspidal curve in Z 2 , we have 
[C] = 2[A\ -\- 2[B] — for some = 0 or 1. As in Case 2-1, one may 

assume that 

{[^]) [E\^ [Cl \^. ■., [Ck\, [ei],..., [em]} 

is a basis for H 2 {Z; Q) for some m < n, where ei,..., Cm are the (—l)-curves which 
are the exceptional curves of the blowing-ups Z 2 ^ Zi. Then 

k m 

<l>*i[E]) = a[A]-\- P[C] + ^ Ji[Ci] + ^ 5i[ei] 

2=1 2=1 
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for some a,j3,'yi,6i G Q. Note that /3 = | for & G Z. 

Since (j){E) • C = 0, we have 

2q; + 5/3 + 7 i = 0. 

Therefore 

k m 

4>*(\E\) = a[A] + /3[C] + {—2a — 5/3)[C'i] + 

i=2 i=l 

On the other hand, from the fact tha,t(j){E) ■ (j){E) = —1, we have 

-5/32 + A = -1 

where 

( k m 

{—2a — 5/3) [Cl] + Si[ei] 

i=2 i=l 

As in Case 2-1, one can conclude that A < 0. Therefore we have 

5/3^ - 1 < 0 

which is possible only when /3 = 0 because /3 = | for 6 G Z. Therefore 

k m 

(l)*{[E]) = a[A]+^-fi[Ci] + ^5,[ei\. 

But [Ci] = [ci^] — [e^J — ... — [e^ J (z = 1,..., fc). Therefore one may assume that 

n 

(/>*([C]) = a[A] -f ^ Ci[ei] 

i=l 

for a, Ci G Z. Then, since (j){E) ■ (j){E) = —1, we have ^*([i3]) = a[A\ ± [e^j for some 
i. But 0 = (t>{E) • C = 2a or 2a± 1. So a = 0. Therefore </>*([£’]) = ±[ei]. As before 
one can conclude that (j)^{[E]) = [e^j for i < m. Therefore 4>{E) is a (—l)-curve 
whose homology class is same with that of one of the exceptional curves of the 
blowing-ups Z 2 ^ Zi. 

Case 3: Tetrahedral, Octahedral, Icosahedral singularities of type (3,1) 

Tetrahedral, Octahedral, Icosahedral singularities of type (3,1) are divided into 
two subclasses as given in Figure according to the existence of a (—l)-curve 
connecting the cuspidal curve of Z 2 and an arm Ci. 

Case 3-1: Case (A) in Figure^ 

Since {[A], [B], [ei],..., [Cn]} is a basis for iJ 2 (^ 2 ;Z), we have 

n 

</'*([£’]) = a[A] -I- b[B] -I- Ci[ei] 

i=l 

for some a,b,Ci G Z. Since ^(C) • A = 0, we have 6 = 0. For 4>{E) ■ (j){E) = —1, 
we have 4>*{E) = a[A] ± [cip] for some /q = 1,... ,n. Finally, from the condition 
4>{E) • C = 0, we have a = 0. Therefore (f)*{E) = E[eig]. Then, by a similar 
arguments as before, one can conclude that ((^.{[E]) = [eig]-, hence (j){E) is a (—1)- 
curve such that its homology class is same with that of one of the exceptional curves 
of the blowing-ups Z 2 ^ Zi. 

Case 3-2 : Case (B) in Figure^ 

In the list of Bhupal-Ono [3] , minimal symplectic Filings are classified by the data 
(to; C ■ C, —Cl,..., —Ck]i,j] ai x ii,... ,ak x ik) where the numbers i and j denote 
the existence of (—l)-curves intersecting B and Ci, and D and Cj, respectively. 
One can check that if Z 2 and Z 2 have the same data (oi x ii,... ,ak x ik), then 
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their corresponding (z,j)’s also coincide. Therefore it is enough to show that Zi 
and Z 2 have the same (oi x ii,... ,ak x ik). 

As before, we have = a[A\ + h[B] + X)r=i Since (j^iE) • A = 0, we 

have 6 = 0. Furthermore 4>{E)-(j){E) = —1. Therefore we have = a[A]±[eip] 

for some zq. On the other hand, (l){E) • C = 0. Therefore (f)t{[E\) = ±[eio]. Since 
4>*{[B — d]) • = 0, it follows that [a^] 7 ^ [ei]. Finally, using the same 

argument as above, one can conclude that (j)t{[E]) = [eig\. Therefore (j){E) is a 
(—l)-curve with the same homology class with one of the exceptional curves of the 
blowing-ups Z 2 ^ Zi. 

It remains to distinguish minimal symplectic fillings of Case (A) and Case (B) 
in Figure Assume that W is obtained by a sequence of blow-downs and blow¬ 
ups described in Case (A) of Figure and W' is obtained by that of Case (B) of 
Figure Let Ei C Z 2 be the (—l)-curve obtained by blowing-up the intersection 
of B and A and let E-^ be the (—l)-curve connecting the cuspidal curve C G Z '2 
and a curve Cfc. 

Suppose that there is a diffeomorphism W' —t bF; so we get a diffeomorphism 
(j): Z' 2 ^ Z 2 as before. We have 

4>*{[En]) = a[A] + h[B] + 'y^Ci[ei] 

for some Ci G Z. Since (j){Ej^) • A = 0, we have 6 = 0. On the other hand, 
(l){Epf) ■ (j){Ei^) = —1. Therefore we have 

(t>*{[EN]) = a[A] ± [cij 

for some zq- Note that the homology class of Ck C Z 2 is given as 

[Ck] = [e^A - [eji] - [ejA (5A) 

with Cii 7 ^ ei and 7 ^ Ci for any js = ji,.. .,jr- Since (I){En) • Cfe = 1, eig 7 ^ ei. 
On the other hand, (j){EN) ■ {B — ei) =0. So a = 0. Therefore we have 

(I>*{[En]) = ±[eio] 


for some Cig 7 ^ ei. 

Let [C] = 2[A] -I- 2[B] — ^A^A some = 0 or 1. Since (j){Efq) • C = 1, 
we must have dig =1. Therefore 

[C]=2[A] + 2[i?]-[dJ-^d.N. 

i/io 


On the other hand, 4>[E]^) • Cfc = 1. Therefore, = Cig for some js in Equa¬ 
tion (5.1). One can conclude that Cig is a (—1)-curve coming from the blowing- 
ups Z2 — t Zi, or there is a. Ci {i ^ k) such that its homology class is given by 
[CA = [eig] — [e^J — • • • — [efc^]. But (j){Ej^) does not intersect any Ci for i 7 ^ k. 
Therefore Cig must be a (—l)-curve coming from the blowing-ups Z 2 ^ Z\. How¬ 


ever any (—l)-curve coming from the blowing-ups 
which is a contradiction. 


^2 


Z\ cannot intersect C, 


Next, we assume that (1>{CA = — [Ci]- 

Let e = —4>{E) C Z 2 . We can show with the same method that e is a (—l)-curve 
whose homology class is same with that of one of the exceptional curves of the 
blowing-ups Z 2 —t Zi. Therefore the data of the intersections of (—l)-curves with 
Ci and that of (—l)-curves with Ci are the same. But one can check that the data 
in the list of Bhupal-Ono [1] are all different to each other for a given quotient 
surface singularity. Hence the assertion follows. □ 
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Remark 5.6. In the above proof we show that two symplectic fillings W and W' 
are diffeomorphic if and only if the two data of intersections of (—l)-curves with 
Cl,..., Cfe in ^2 and Z'^ should be the same under the assumption that Z and Z' 
are obtained at the same time from CP^ or CP^ x CP^. But it is not difficult to 
show that W and W' are diffeomorphic if and only if the two data of intersections of 
(—l)-curves with Eaa in Z and Z' should be the same under the same assumption. 

The main parts of the above proof of Theorem |5.5| consist of calculating the 
image of the homology classes of (—l)-curves E in Z'^ under a given diffeomorphism 
(j): Z '2 —t Z^. One can easily show that the same arguments also hold in case a 
homeomorphism (/i: Z 2 —t ^2 is given. Therefore: 

Corollary 5.7. For any quotient surface singularity, there are no exotic symplectic 
fillings of its link. 

6. Partial resolutions and versal deformation spaces 

The diffeomorphism types of Milnor fibers of a quotient surface singularity {X, 0) 
are invariants of the irreducible components of the reduced versal base space Def(X) 
of deformations of X. In this section, we recall that there is a one-to-one correspon¬ 
dence between the components of Def(X) and certain partial resolutions of (X, 0). 
We refer to KSB [^, Stevens [331133], Behnke-Christophersen |3] for details. 

Definition 6.1. A smoothing A —>■ A of a quotient surface singularity (AT, 0) is 
Q-Gorenstein if Kx is Q-Cartier. 

Definition 6.2. A normal surface singularity is of class T if it is a quotient surface 
singularity, and it admits a Q-Gorenstein one-parameter smoothing. 

It is known that a singularity of class T is a rational double point or a cyclic 
quotient surface singularity of type -^{l,dna — 1) with d > 1, n > 2, I < a < n, 
and {n,a) = I. Due essentially to Wahl [50], a cyclic quotient surface singularity 
of class T may be recognized from its minimal resolution as follows: 

Proposition 6.3. 

(i) The singularities • and ^ -•- —•- • are of class T 

(ii) If the singularity is of class T, then so are 

-2 -&1 -br—i -hr - 1 -bi - 1 -62 -br- “2 

•-•— —•-• and •-•— —•-• 

(Hi) Every singularity of class T that is not a rational double point can be obtained 
by starting with one of the singularities described in (i) and iterating the steps 
described in (ii). 

The one-parameter Q-Gorenstein smoothing of a singularity of class T is inter¬ 
preted topologically as a rational blowdown surgery defined by Fintushel-Stern 
and extended by J. Park m- 

6.1. P- resolutions. Kollar-Shepherd-Barron [22] gave a one-to-one correspondence 
between the (reduced irreducible) components of the versal deformation space 
Def(A) of X and the P-resolutions of X, which are defined as follows: 

Definition 6.4. A P-resolution of a quotient surface singularity X is a partial 
resolution f: Y ^ X such that Y has only singularities of class T, and Ky is 
ample relative to /. 

KSB [33] also provided an algorithm for finding all P-resolutions of a given 
quotient surface singularity. 











30 


H. PARK, J. PARK, D. SHIN, AND G. URZUA 


Definition 6.5 (KSB [22] Definition 3.12]). Let X be a quotient surface singularity. 
A resolution f: V —?► A is maximal if Ky ~ f*Kx — where 0 < < 1, 

and for any proper birational morphism g: U V that is not an isomorphism, we 
have Kfj ^ h*Kx — where h = f o g and some bj < 0 . 

Proposition 6.6 (KSB |22J Lemma 3.13]). A quotient surface singularity (A, 0) 
has a unique maximal resolution. 

Proof. We briefly recall the proof of KSB [22l Lemma 3.13] because it provides 
an algorithm for finding the maximal resolution. Let n: U —>■ A be the minimal 
resolution. We can write 


Ku - tt*Kx + ^ (-1 + 

3 

where Ej are the exceptional divisors. We successively blow up any point Q = 
Ei n Ej with Ui + aj <1 until the quantities ai satisfy ai < 1 for all i, but if 
Ei Cl Ej 0 , then ai + aj > 1. This procedure stops after finitely many times 
because if Ek is the exceptional divisor of the blow-up along Q = Ei D Ej, then 
a]^ — ai aj. fH 


Proposition 6.7 (KSB |22l Lemma 3.14]). Let (A, 0) be a quotient surface singu¬ 
larity and let f: Z ^ X be a partial resolution such that Z has only quotient surface 
singularities and Kz is ample relative to f. Then Z is dominated by the maximal 
resolution Xm of X. In particular, every P-resolution of (A, 0) is dominated by 

Xm. 


Example 6.8 (Continued from Example 2.1). Let (A, 0) be a cyclic quotient sur¬ 
face singularity of type 3 )^( 1 , 7). The minimal resolution is 


8/19 5/19 12/19 

-3 -4 -2 


where the positive numbers are the ai in the proof of Proposition | 6 . 6 [ So its 
maximal resolution is 


8/19 13/19 18/19 5/19 17/19 12/19 

-4 -2 -1 -7 -1 -3 

Then it has three P-resolutions: 

Vl 12 Ps 

•-• - □ • - □ - • □-•-□-□ 

-3 -4 -2 -3 -4 -2 -4 -1 -5 -2 

Here a linear chain of vertices decorated by a rectangle □ denotes curves on the 
minimal resolution of a P-resolution which are contracted to a singularity of class 
T on the P-resolution. 

Example 6.9. Let (A, 0) be an icosahedral singularity / 3 o( 7 _ 3)-|_7 whose dual graph 
of the minimal resolution is given by 


-2 


•- 

-2 


-2 


-6 


-2 


-3 
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Then there are four P-resolutions: 

-2n 

□-□-i-□-• 

-2 -2 -6 -2 -3 



-□ 


-3 


-2f 


□-□-b-•- 

-2 -2 -6 -2 


-3 


-2 n 


-2 


-2 


-6 


-2 


-3 


Example 6.10. Let (X, 0) be an icosahedral singularity / 3 o( 2 - 2)+29 whose dual 
graph of the minimal resolution is given by 

- 2 # 


-3 -2 -5 

Then there are three P-resolutions Yi, Y 2 , Y 3 : 


□ Y 2 -2, 

• iq -2 □ 

□-• •-^ 

-n 

□ 

n 


-3 -2 -5 -3 -2 -5 -3 -5 -1 -2 -2 -6 

Remark 6.11. Stevens [131 [H] provided an algorithm for finding all P-resolutions 
of a given non-cyclic quotient surface singularity. But the numbers of P-resolutions 
of the icosahedral singularities l 3 o( 7 _ 3)+7 and -f 3 o( 6 - 6)+29 above in Stevens [H] are 
erroneously claimed that to be three and two, respectively. Here we found one more 
P-resolution for each of the singularities, which was confirmed by Stevens |45j . 

Let f:Y —)■ X be a P-resolution. There is an induced map F: Def(F) —)■ 
Def(X) of deformation spaces by Wahl [IS], which we refer to as blowing-down 
deformations. On the other hand, there is an irreducible subspace Def^‘^(Y) C 
Def(Y) that corresponds to the Q-Gorenstein deformations of singularities of class 
T in Y. 

Proposition 6.12 (KSB |22 Theorem 3.9]). Let X he a quotient surface singular¬ 
ity. Then 

(1) If f: Y X is a P-resolution, then P(Def^^(Y)) is an irreducible com¬ 
ponent o/Def(X). 

(2) // /i: Yi X and f 2 '- Y 2 ^ X are two P-resolutions of X that are not 
isomorphic over X, and if Fi and F 2 are the corresponding maps of defor¬ 
mation spaces, then Fi(Def^®(yi)) ^ F 2 (Def^®(y 2 ))- 

(3) Every component ofDef{X) arises in this way. 

Since Milnor fibers are invariants of irreducible components of Def(X), there is 
a one-to-one correspondence between Milnor fibers and P-resolutions of (X, 0). 

6.2. M-resolutions. One may establish another one-to-one correspondence be¬ 
tween the components of Def(X) and certain partial resolutions of X, the so-called 
M-resolutions. See Behnke-Christophersen [5] for details on M-resolutions. 

Definition 6.13. A Wahl singularity is a cyclic quotient surface singularity of class 
T that admits a smoothing whose Milnor fiber M is a rational homology disk, i.e., 
M*(M,Q) = 0 for all i > 1. 
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We remark that a Wahl singularity is a cyclic quotient surface singularity of type 




1 ) 


and it can be obtained by iterating the steps described in Proposition 6.3 (ii) to 

-4 


Definition 6.14 (Behnke-Christophersen [31 p.882]). An M-resolution of a quo¬ 
tient surface singularity (A, 0) is a partial resolution /: Ym —> A such that 

(1) Ym has only Wahl singularities. 

(2) Kym is nef relative to/, i.e., Kym • A > 0 for all /-exceptional curves E. 

Notice that the minimal resolution is an M-resolution. 

Theorem 6.15 (Behnke-Christophersen [31 3.1.4, 3.3.2, 3.4]). Let (A,0) he a quo¬ 
tient surface singularity. Then 

(1) Each P-resolution Y ^ X is dominated by a unique M-resolution Ym 
X, i.e., there is a surjection g: Ym —>■ Y, with the property that Ky^^ = 
9*Ky- 

(2) There is a surjective map Def‘^®(AM) —> Def'^*^(F) induced by blowing 
down deformations. 

(3) There is a one-to-one correspondence between the components o/Def(A) 
and M-resolutions of X. 

We briefly recall how to construct the M-resolution corresponding to a given 
P-resolution. At first, we describe a special M-resolution of a singularity of class 
T. Let Zq be a cyclic quotient surface singularity of type -^{l,dna — 1). The 
crepant M-resolution Yq —> Zq of Zq is defined by the following partial resolution 
of Zq: Yq has d — 1 exceptional components Ci = CP^ (z = 1, ... ,d — 1) and d 
singular points Pi of type ^(l,na — 1) as described in the following figure: 

Cl C2 Cd—i 

Pi P2 Pd 

The proper transforms of Cfs in the minimal resolution Yq of Yq are (—l)-curves. 
So the minimal resolution Yq is given by 

I *—* I —^— I *—* I —•— —^— I * * I 

where I * * I is the minimal resolution of the singularity ^(l,na — 1). One can 
check that the above linear chain contracts to the singularity Zq = j^{l,dna— 1). 

The M-resolution of a given P-resolution Y —>■ A of a quotient surface singularity 
(A, 0) in the theorem above is obtained by taking the crepant M-resolutions for 
each singularity of class T in Y. So we call this M-resolution again by the crepant 
M-resolution corresponding to a P-resolution. 

Lemma 6.16. The minimal resolution of the crepant resolution Ym —>■ A corre¬ 
sponding to a P-resolution Y ^ X of a quotient surface singularity is obtained by 
blowing up appropriately the minimal resolution ofY. 

Example 6.17. The singularity ^(1, 2d—1) is of class T and its minimal resolution 
is given by 

-3 -2 -2 -3 


{d — 2)-times 
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Then the minimal resolution of its crepant M-resolution is obtained by blowing up 
all edges: 

-4 -1 -4 -4 -1 -4 

where the number of (—4)-curves is d and that of (—l)-curves is d — 1. 


7. Milnor fibers as complements of compactifying divisors 


Let T —A be a smoothing of {X, 0). We describe a Milnor fiber of the smoothing 
T —>■ A as the complement of its compactifying divisor contained in a certain 
rational complex surface. 

As we have seen in Section according to Behnke-Christophersen [3] , there is 
a one-to-one correspondence between the (reduced irreducible) components of the 
versal deformation space Def(A) and the M-resolutions of X. More explicitly: 


Proposition 7.1 (Behnke-Christophersen [3]). For each smoothing X —>■ A of X, 
there exist an M-resolution cf: Y X and a Q-Gorenstein smoothing y ^ A of 
Y such that the smoothing 3^ —>■ A blows down to the smoothing A —>■ A. These 
maps give the following commutative diagram 

Y ‘^ ^ 



Since the morphism T —A is birational and Ky is nef, we have the following. 

Proposition 7.2. Every Milnor fiber of the singularity (X, 0) is diffeomorphic to 
the general fiber Yt of a Q-Gorenstein smoothing y ^ A of the corresponding M- 
resolution Y ^ X. 


In topological viewpoint, it means that 

Corollary 7.3. Every Milnor fiber of the singularity {X, 0) is diffeomorphic to 
a smooth 4-i^o-nifold Yt which is obtained from the central fiber Y by rationally 
blowing down Wahl singularities in Y. 


We now show that a general fiber of a smoothing A —A of A may be described 
as a complement of the compactifying divisor in a general fiber of a smoothing of a 
certain partial resolution of the C*-compactification of A, which may be regarded 
as a compactification of Y ; Proposition |7.5| 

Let A be the singular natural compactification of A and let A be the natural 
compactification of A defined in Section Let Eao and Eoo be the corresponding 


compactifying divisors. We showed in Proposition 3.4 and Proposition |3.6| that any 
smoothing of A can be extended to deformations of A and A preserving Eoo and 
Eoo^ respectively. So the smoothing A —A is extended to a deformation A —>■ A 
of A which is a locally trivial deformation near Eoo and to a smoothing A —)■ A of 
A which preserves Eoo- 

Now we extend the deformations A, A, and A to deformations of certain partial 
resolutions of A, A, and A, respectively. Let f-.Y —)■ A be the M-resolution (or 
the P-resolution) of A corresponding to the smoothing A —>■ A. Take a partial 
resolution f: Y ^ X of X corresponding to /. Let Y be the minimal resolution of 
the cyclic quotient surface singularities on Eoo C Y. 
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Y - 


X 



0 



> ^ ^ r ^^ 



JT 




A 


Figure 9. A commutative diagram of deformations 


Definition 7.4. For an M-resolution (or a P-resolution) F —)■ A", we call Y the 
natural compactification of Y. 

The smoothing 3^ —A extends to a deformation (V —>■ A of F which is again a 
locally trivial deformation near Poo- Let 3^ —)■ A be the simultaneous resolution of 
the cyclic quotient surface singularities along Poo in each fiber of 3^ —> A. Then 
the deformations 3^, y, and y blow down to the deformations X, X, and X so that 
the diagram in Figure [^commutes. 

Proposition 7.5. A general fiber Xt (t 0) of the smoothing A —)■ A is isomorphic 
to the complement Yt — Poo; where Yt is a general fiber of the smoothing 3^ —>■ A. 

Proof. A general fiber Xt of the smoothing A —>■ A is isomorphic to At — Poo- On 
the other hand, Xt is also isomorphic to a general fiber Ft of the smoothing 3^ —> A. 
Therefore the assertion follows. □ 

Definition 7.6. A general hber Ft {t 0) of the smoothing 3^ —)■ A is called a 
compactified Milnor fiber of a smoothing A —>■ A of a quotient surface singularity 

A. 


8. Semi-stable minimal model program 

We apply the semi-stable minimal model program to the smoothing 3^ —>■ A of 
the natural compactification F of the crepant M-resolution F —>■ A in order to 
identify the compactified Milnor fiber Ft as a rational complex surface, ft turns out 
that we will use very particular 3-fold divisorial contractions and flips. We refer 
to HTU [18] for a general picture in relation to normal degenerations with only 
quotient surface singularities. 

8.1. Divisorial contractions and flips. Let us recall some basics from Kollar- 
Mori pp] . 

Definition 8.1. A three dimensional extremal neighborhood is a proper birational 
morphism /: (C C W) {Q G Z) satisfying the following properties: 

(i) The canonical class Pyy is Q-Cartier and W has only terminal singularities; 

(ii) Z is normal with a distinguished point Q € Z; 

(iii) C = f~^{Q) is an irreducible curve; 

(iv) Pw • C < 0. 

If the exceptional set of / is an irreducible divisor, then the extremal neighborhood 
is said to be divisorial. Otherwise it is said to be flipping. 

In case of flipping, Kz is not Q-Cartier, and so one performs the following 
birational operation. 
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Definition 8.2. The flip of a flipping extremal neighborhood /: (C C W) — >■ (Q G 
Z) (or, if no confusion is likely, the flip of W) is a proper birational morphism 
/+: C W’*") —>■ (Q G Z), where W'*' is normal with only terminal singularities 

such that the exceptional set of /+ is C'*' and ifw+ is Q-Cartier and /“'■-ample. 

Note that the flip of W induces a birational map W —->■ to which we also 
refer as the flip. By Mori m 3-fold flips always exist; they are unique (see Kollar- 
Mori [21]). 

HTU [18] explicitly described divisorial and flipping extremal neighborhoods of a 
special type, which naturally appear in the context of the Kollar-Shepherd-Barron- 
Alexeev compactification of the moduli space of surfaces of general type (see e.g. 
Urziia [13HE]). 

Definition 8.3. Let f: W ^ Z he a partial resolution of a two dimensional cyclic 
quotient surface singularity germ {Q G Z) such that f~^{Q) = C is a smooth 
rational curve with one (or two) Wahl singularity(ies) of W on it. Suppose that 
Kw ■ C < 0. Let W —)■ A be a Q-Gorenstein smoothing of W and let Z —)■ A be 
the corresponding blown-down deformation of Z. The induced birational morphism 
(C C W) —>■ (Q G Z) will be called an extremal neighborhood of type mklA (or 
mk2A). 

Let {C C W) —)■ (Q G Z) be an extremal neighborhood of type mklA or mk2A. 
For divisorial contractions, we have 

Proposition 8.4 (cf. Urziia [13 Proposition 2.8]). If (C C W) -G {Q G Z) is a 
divisorial extremal neighborhood of type mklA or mk2A, then {Q G Z) is a Wahl 
singularity. The divisorial contraction W —>■ Z induces the blowing down of a 
[—\)-curve between the smooth fibers of hV ^ A and Z —>■ A. 

On the other hand, a flipping (C C W) —(Q G Z) is related to a certain special 
P-resolution of the central fiber {Q G Z) of Z. 

Definition 8.5 (HTU |18jb An extremal P-resolution of a two dimensional cyclic 
quotient surface singularity germ {Q G Z) is a P-resolution : W~^ -G Z such that 
C~^ = {f~^)~^{Q) is a smooth rational curve and W~^ has only Wahl singularities 
(thus at most two; cf. KSB [221 Lemma 3.14]). 

Proposition 8.6 (Kollar-Mori [23 §11 and Theorem 13.5]). Suppose that {C C 
W) -G [Q G Z) is a flipping extremal neighborhood of type mklA or mk2A. Let 
(C C W) -G {Q G Z) be the contraction of C between the central fibers W and 
Z. Then there exists an extremal P-resolution (C'^ C W~^) -G {Q G Z) such that 
the flip C W“'“) —>■ (Q G Z) is obtained by the blown-down deformation of a 
Q-Gorenstein smoothing ofW'^. That is, we have the commutative diagram 

(CcW) - - --> {C+CW+) 



which is restricted to the central fibers as follows: 

(Ccw)--> (C+CW+) 



(eez) 
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Convention. If (C C W) is an extremal neighborhood of type mklA or m2A, 
then a flip of (C C W) changes only the central fiber (C C W) to ((7+ C W^). 
Hence we sometimes say that a flip of (C C W) (or a flip of C) instead of a flip of 
an extremal neighborhood (C C W). 

8.2. Explicit semi-stable minimal model program. One can describe explic¬ 
itly the numerical data of the central fibers (C C W) —>■ (Q € Z) of an extremal 
neighborhood of type mklA or mk2A, and of the {C^ C W'^) in an extremal P- 
resolution of (Q S Z). For details, refer HTU (TS] (see also Urziia |13 §2.4]). In this 
paper we do not meet any extremal neighborhoods of type mk2A. So we consider 
only extremal neighborhoods of type mklA. 


8.2.1. W —i' Z for mklA. Let (C C W) be the central fiber of an extremal neigh¬ 
borhood of type mklA with a Wahl singularity of type ^(l,ma — 1) lying on C. 
Let 


and let Ei,... ,Es be the exceptional curves of the minimal resolution W oi W 
with Ej = —Cj for all j. 

Since Kw ■ C < 0 and < 0, the strict transform of C, denoted by C again, 
is a (—l)-curve intersecting only one exceptional curve, say Ei, at one point. This 
data will be written as 

[ei,..., Ci,...,Cs]. 

Then {Q G Z) is a cyclic quotient surface singularity of type ^(1, H) where 


A 


[Ci, . . . , €i 1, . . . , Csj. 


HTU [18] showed that, if 1 < i < s, then any extremal neighborhood of type 
mklA degenerates to two extremal neighborhoods of type mk2A sharing the same 
birational type (see Urziia nzi Prop.2.12]). So one can compute either the flip or 
the divisorial contraction for any extremal neighborhood of type mklA through the 
Mori algorithm for extremal neighborhoods of type k2A. But we do not give 
the details here because we will not use it. The only klA extremal neighborhoods 
which appear in this paper are the following. 


Proposition 8.7 (Usual flips). The extremal neighborhood [ei,..., Cg-i, el] is of 
flipping type. Let i G {1,... ,s} he such that e^ > 3 and Cj = 2 for all j > i. (If 
Cs > 2, then we set i = s.) 

Then the image of Ei in the P-resolution W~^ is the eurve C"*" with the Wahl 
singularity of type ;^(1, ma - 1) where = [e 2 ,..., - 1]. 

Proof. See Urziia U?] Prop.2.15]. □ 


8.2.2. litaka-Kodaira divisorial contractions. The only divisorial contractions we 
will encounter in this paper are 

Proposition 8.8 (litaka-Kodaira contractions). Let P: WcW-^-OgA be a 
Q-Gorenstein smoothing of a surface W with only Wahl singularities. Let C be a 
smooth rational curve in W sueh that it contains no singularity ofW and = — 1. 
Then, after possibly shrinking A, there is a divisor C C W such that E~^(t) DC is 
a (—l)-curve in E~^(t) for every t G A, and there exists a contraction C C W —> Z 
of C giving a new Q-Gorenstein smoothing E': Z C Z ^ Q G A such that F'~^{t) 
is the blow-down of E~^(t) H C for every t G A. 

Proof See BHPV H p.l54]. □ 




MILNOR FIBERS AND SYMPLECTIC FILLINGS 


37 


8.2.3. Degenerations of curves. Let F-. W CW— J^OeAbea proper Q-Gorenstein 
smoothing of a surface W with only Wahl singularities. Let L be a divisor in W 
such that Lj := F~^{t) n L is an irreducible proper curve for every t. Assume that 
Lq does not pass through the singularities of W. 

We now consider F: W CW— J-OsAas either litaka-Kodaira contraction 
(Proposition | 8 ^ for some C C W or usual flip (Proposition |8.7[ ) . We want to know 
what happens to P after we perform the corresponding birational operation. If Pq 
does not touch C, then P has no change in the new family. 

The only extra case we need to consider is when Pq intersects transversally C at 
one point; for other situations see Urziia [3S1 §4]. For a divisorial contraction, if it 
does, then it is clear how P is transformed everywhere. 


Proposition 8.9. Suppose thatV^ intersects transversally C at one point, and that 
F-. is a usual flip. Let F: (7+ C W+ C yV’+ 0 S A 


be the flip, where C+ = Ei as in Proposition 8. ? and let P"*" C W'^ be the proper 
transform of P. Then P(J" = Pq + , which forms the toric boundary of the 

corresponding Wahl singularity in W~^. 


Proof. Direct from Proposition 8.7 see Urziia [HI Prop.4.1] for details. □ 

In this way, flips will be responsible for broken curves after running MMP. 


9. Identifying Milnor fibers 


In this section we identify Milnor fibers of quotient surface singularities with their 
minimal symplectic fillings via running (a controlled) semi-stable minimal model 
program. 

Let {X, 0) be a quotient surface singularity, and let tt : A —)• A be a smoothing 
of X whose Milnor fiber is M; that is, M is a general fiber Xt of tt. Let Y —>■ X he 
the crepant M-resolution corresponding to tt, and let 3^ —>■ A be a Q-Gorenstein 
smoothing of Y corresponding to tt. We showed in Proposition |7.5| that the Milnor 
fiber M can be described as a complement of E^o in a general fiber Yt of the 
smoothing (V —A of the natural compactification Y of Y. That is, 

M = Xt = Yt- Foo. 

On the other hand, let VP be a minimal symplectic filling of {X, 0) and let 
Z be its natural compactification mentioned in Definition |4.2| and Definition |4.8| 
Then we showed in Section that the diffeomorphism type of W is completely 
determined by the data of intersections of (—I)-curves in Z with the compactifying 
divisor E^o C Z. Therefore, in order to identify Milnor fibers as minimal symplectic 


fillings, we have to get the data from (Foo C Yt). See Subsection 


9.2 


9.1. Reduction to controlled MMP and smooth deformation. We first work 
out certain key properties of Wahl singularities, which will be useful to run MMP 
in our situation. 


Definition 9.1. We know that any Wahl singularity ^(l,no — 1) = [ei ,... ,es] 


can be obtained via the algorithm in Proposition 


6.3 


-4 


(ii) applied to • . Let be 


-4 


the image of • under this procedure. The corresponding exceptional curve Ei is 
called the initial curve of the Wahl singularity. 


Notice that F^ is unique up to reordering the indices. For example, the initial 
curve of [2, 6 , 2, 3] is F 2 , of [3,2, 6 , 2] is F 3 , and for [2,2, 2, 2, 2, 7,2, 2, 7] is Eq. 

Next, we want to get control on the discrepancies of Wahl singularities. For this, 
we explain the point of view in Urziia [471 §4]. 
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The exceptional divisor of any Wahl singularity ^(l,na — 1) can be obtained 
from a nodal Ii elliptic singular fiber by blowing up over the node. We blow 
up the node of Ii and subsequent nodes coming from the new (—l)-curves. The 
exceptional divisor appears as the chain of curves of the total transform of Ii which 
does not contain the (last) (—l)-curve. We denote by cr: Z —>• Z the composition 
of blow-ups used. Let {Ei, ..., Eg} be the corresponding Wahl configuration where 
;^(l,na- 1) = [ei,...,es], and Ef = -a. Write cr*(/i) = where 

Eg+i is the (—l)-curve, and Pi > 1 are integers. Notice that the initial curve of 
^(l,na — 1) is the Ei with Pi = 1 , i.e., the proper transform of Ii. 

Lemma 9.2. In a situation as above, we have n = Ps+i, a = I's+i — Ps? and the 
discrepancy of Ei zs — 1 -|- for all i = 1 ,..., s. 

Proof. See Urziia gZ! Lemma 4.1]. □ 


Lemma 9.3. Let f~^: C W~^ —>■ 0 G Z be an extremal M-resolution (i.e., an 

extremal P-resolution as in Definition 8.5 but with nef canonical class only) of a 
cyclic quotient surface singularity (Z, 0). Let W~^ —>■ W~^ be the minimal resolution 
of the Wahl singularities, if any, and let Z ^ Z be the minimal resolution of 
{Z,0). Finally, let g: -G Z be the corresponding induced map. Then g does 

not contract the initial curves of the Wahl singularities. 


Proof. If C~^ is not a (—l)-curve, then the claim is trivially true. Therefore, let C+ 
be a (—l)-curve. We will represent the P-resolution by 

[ci, . . . , Cj.] [ci, . . . , Cg] 


which gives the continued fractions of both Wahl singularities, and the dash says 
that (7+ is intersecting the exceptional curves corresponding to Cr and ei; is the 
notation in Urziia gT] §2.4]. We notice that 

K]y+ ■ = —1 — d{cr) — d(ei) > 0 


where d{cr) and d{ei) are the discrepancies of the curves corresponding to Cr and 
ei respectively (computed as in Lemma 9.2). 

We are going to use induction on the length s of [ei,..., e^]. If s = 1, then ei = 4, 
and so Cr > 2. This is because by Lemmathe discrepancy corresponding to an 
end curve of self-intersection — 2 is > — i. In this way, since the discrepancy of [4] 
is — we must have Cr > 2 because of the nonnegativity of ■ (7+. Hence, no 
initial curve of the Wahl singularities is contracted by g. 

We now assume that it is true for a fixed s and all Wahl continued fractions 
[ci,..., Cr]. For length s -I- 1 we have two possibilities: 


Case 1. The P-resolution looks like [2, 32 , • ■ •,5r] — [2, ci,..., Cg -f 1]. 


We want to know if the contraction kills the initial curve of [2, Ci,..., Cg -I- 1]. 
This is the same as asking if the contraction of [ 52,..., ffr ~ 1] ~ [ei, ■ ■ ■, Cg] kills 
the initial curve of [ei,...,eg], since the curve corresponding to 51 =2 is not 
necessary (P-resolutions with a central (—l)-curve are formed by blowing-up nodes 
in the minimal resolution). By Lemma 9.2 the discrepancies for g^. and cq := 2 in 
[2, 32 ) ■ • ■, ffr] — [2, Cl,..., Cg -I- 1] can be written as 

5 . , P 


d{gr) = - 


1 _ 

7H 


2<5 


and d(eo) = — - 


a - 


■2/3’ 


where a, /3, 7 , S are positive integers. The nonnegativity of —l — d{gr) — d{eo) implies 
that 


aS < 7/3. 
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On the other hand and by Lemma |9.2[ the discrepancies for gr — 1 and ei in 
[ 92 ,... ,gr- 1 ] - [ei, ■..,es] are d{gr - 1 ) = and d(ei) = and a5 < jP 

implies that —1 — d{gr — 1 ) — d{ei) > 0 , and so [g 2 ,..., — 1 ] — [ei,..., es] is an 

extremal M-resolution. By induction, it does not contract the initial curves. 

Case 2. The P-resolution looks like [gi,..., 5 ^- 1 ,2] — [ei + 1,..., e^, 2]. 

We use the same strategy as above, the analogous computations show that the 
hypothesis of induction works to show that the initial curves are not contracted. □ 

We now return to our situation. We have a Q-Gorenstein smoothing 3^ —)■ A of 
the natural compactihcation Y of y by ■ The minimal resolution F —>■ F of all 
Wahl singularities in F has the natural fibration (defined in Section]^ F —CP^, 
such that the exceptional divisors of the Wahl singularities lie on some finite fibers 
(in our case at most three) together with the section Eq . These fibers will be called 
arms (following Stevens [HI §2]). If Eq is part of the exceptional divisor of a Wahl 
singularity, then any arm not containing a curve of that exceptional divisor will be 
a noncentral arm. 

The following theorem is a particular case of Urziia (HI Thm.3.4], but it includes 
an explicit and controlled way to run MMP. It also generalizes to any normal M- 
resolution of a rational singularity with star shaped resolution, as in Pinkham |38| . 

Theorem 9.4. By applying only litaka-Kodaira divisorial contractions and usual 
flips to curves coming from the arms of Y, we can run MMP to Y Cj^—^-O gA 
until we obtain a deformation IF C W —>■ 0 € A whose central fiber W is smooth. 

Proof. The procedure is very simple. We first work with noncentral arms, let us 
consider one of them. Let [ei,..., Cg] be the ending exceptional divisor of a Wahl 
singularity in this arm, i.e. the one closer to Poo, with the curve Eg (corresponding 
to Cs) the closest to Poo- Then, between Eg and Poo there is a (—l)-curve C (in 
the arm). If C does not touch Eg, then we apply an litaka-Kodaira contraction. If 
it touches Eg, then we apply an usual flip. 

After that, we have two possibilities: 

Case 1. If there is no other exceptional divisor of Wahl singularity in this arm, 
then there has to be more (—l)-curves in that arm which will be contracted (and 
so litaka-Kodaira applies) until one touches the curve Eg. When that happens we 
have a usual flip, which we do apply. We repeat this process until there is no Wahl 
singularity to flip in this arm. It is easy to see that there will be always (—I)-curves 
“over” the proper transform of [ei,..., eg], which allow usual flips or litaka-Kodaira 
divisorial contractions. 

Case 2. If there is another exceptional divisor of Wahl singularity in this arm, 
say [gi,... ,gr\, then [ 51 ,..., g^.] and [ei,...,Cg] together with the curves in between 
them, form an M-resolution of some cyclic quotient surface singularity. If we have 
more than one curve in between, then none of them can be a (—l)-curve (otherwise 
intersection with canonical class in the contraction would be negative). So, if there 
are more than one curve in between (or one curve but no (—l)-curve), we can keep 
contracting and/or flipping as in Case 1. (so “over” [ei,...,eg]) until there is no 
Wahl singularity related to [ei,..., Cg]. Then we repeat the process with the next 
Wahl singularity. 

If there is one (—l)-curve between [gi,... ,gr\ and [ei,..., Cg], then it follows by 
Lemma [ 9 ) 3 ] that the successive contractions of 

[ 51 , • ■ • ,5r] — [ei, ■.., eg] 

do not contract the initial curves of any of them, in particular, of [ei,..., Cg]. So, 
to kill the initial curve we need (—l)-curves “over” [ei,..., Cg]. The point is that 


40 


H. PARK, J. PARK, D. SHIN, AND G. URZUA 



Figure 10. 


Flips in Example 


9.6 


usual flips never kill the initial curve, and so we keep going until there is no Wahl 
singularity left from [ei,... ,es]. Then we repeat the process with the next Wahl 
singularity. 

After we eliminate all Wahl singularities from noncentral arms, we work with the 
central arms. Notice that there are at most two of them. We take one of them, and 
do Case 1. and Case 2. above until a Wahl singularity is not completely contained 
in the arm, this is, the curve Eq is part of the exceptional divisor. We do the same 
with the other arm. 

After that we keep flipping and/or contracting in each arm, this last Wahl sin¬ 
gularity, until the only left part is the curve Eq. This is possible because each arm 
has to end up as a CP^ fiber of the natural fibration to CP^. At the end, the only 
possibility is to have Eg = —4, but in that case we should have flipped a usua l 
[2,2,..., 2, m] where Eg = —m, and the flip of that is smooth by Proposition 8.7 

Therefore, at the end of running this controlled MMP, we obtain a deformation 
W C W —>■ 0 G A whose central fiber W is smooth. □ 


9.2. Procedure for identifying Milnor fibers. A flip changes only the central 
fiber. So, in order to track down how a general fiber is changed during the MMP 
process above, we need to take care of only divisorial contractions, which are just 
blow-downs of (—l)-curves on a general fiber. 


Corollary 9.5. In Theorem 9-4 a general fiber Yt (t ^ 0) of the smoothing y —?> A 
is obtained by blowing up several times a general fiber Wt of the smoothing W —>■ A. 


Since W —>■ A is a deformation with only smooth fibers, the central fiber Wq is 
diffeomorphic to a general fiber Wt- By comparing Wq and Wt, one can get the 
data of positions of (—l)-curves in Wt- Finally one can get the data of intersections 
of (—l)-curves with the compactifying divisor E^o in Yj by tracking the blow-downs 


Yt —> Wt given by flips and divisorial contractions, as explained in Subsection 


8.2.3 


Example 9.6 (continued from Example 6.8). Let A be a cyclic quotient surface 
singularity of type ^(1,7). Let Y(:= Y^) be the compactified M-resolution given 
by the following dual graph: 


-4 -1 -5 -2 -1 -3 -2 -3 -1 +1 

Y □-•-□-□-•-•-•-•-•-• 


We perform usual flips twice to get a new deformation W —>■ A as in Figure 
where Fi is the flipping curve and E/" is the flipped curve, and we describe only 
how the central fiber is changed (because a flip changes only the central fiber). 
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Figure 11. Divisorial contractions in Example 


9.6 


We now compare Wq and Wt =Yt. 

-3 -2 -3 -1 +1 

Yt • -•-•-•-• 

A 4 A 3 A 2 Ai 


Since we do not apply any divisorial contraction, a general fiber Wt is just a 
rational surface Yt containing the compactifying divisor E^o whose dual graph is 


Wt 


-3 -2 -3 -1 +1 

A4 A3 A2 Ai 


-3 -3 -1 -2 -3 -1 +1 

Wo • -•-•-•-•-•-• 

Bq B4 Bo B2 Bi 


8.9 


By comparing Wq and Wt{= Yt) using Proposition 

-3 -3 -1 


one can conclude that 
containing i?6, 


the (—3)-curve in Wt breaks into three curves 

B 4 during the deformation W —)■ A. Note that the (—l)-curve B 4 in Wq should 
survive in Wt- Since B 4 intersects B 3 , its image Ei in Wt intersects only A 3 at one 
point. 

We now apply litaka-Kodaira divisorial contractions twice starting from the di¬ 
visorial extremal neighborhood {B 4 C W) by blowing down B 4 C Wq (and the 
corresponding Ei C Wt) as in Figure We then obtain a new deformation 
yV' —> A with central fiber Wq and general fiber W'f 


— 3 — 1 

Then the (—2)-curve A'4 C W/ is decomposed into two curves •—• in Wq 
consisting of B’^ and B^. As before, the image E 2 of B'^ in Wl intersects only A 2 at 
one point. Therefore the data of the intersections of (—l)-curves in Yt{= Wt) with 
the compactifying divisor E^o is given as follows: 


-3 



-2 -3 -1 


+1 
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Thus, we will see that the M-resolution Y{-.= Y^) above corresponds to the sequence 
n = (2, 2,1, 3) G iG4(19/19 — 7) defined in Definition 4.3 Similarly, one can show 


that the other sequences (1, 2, 2,1) and (1, 3,1, 2) in 774(19/19 — 7) correspond to 
the other two P-resolutions I/ and Y 2 in Example | 6 . 8 [ respectively. 


Example 9.7 (Continued from Example 6.10). Let (77,0) be an icosahedral sin¬ 


gularity 73 q( 2_2)+29 and let 1^2 be the natural compactification of the M-resolution 
Y 2 given by the following dual graph: 



We perform two usual flips as in Figure [l^ where Fi and (i = 1, 2) are the 
flipping and flipped curves, respectively. As in the example above, applying diviso- 
rial contractions as described in Figure [T^ we get the information of intersections 
of (—l)-curves with the compactifying divisor given as below. 


-1 



The Milnor fiber of the M-resolution Y 2 corresponds to the minimal symplectic 
filling #201 in the list of Bhupal-Ono [3]. 


Example 9.8 (Continued from Example |6.10 ). Let (77,0) be an icosahedral sin¬ 


gularity / 3 o( 2 - 2)+29 and let ¥3 be the M-resolution of X given in Example 6.10 


Applying flips and divisorial contractions to the natural compactification Ys as de¬ 
scribed in Figure we can conclude that the Milnor fiber corresponds to the 
minimal symplectic filling #254 in the list of Bhupal-Ono [3] ■ 


10. Applications 


10.1. Cyclic quotient surface singularities. We provide another proof of Stevens’ 
result [33] on the one-to-one correspondence between the set of P-resolutions of a 
cyclic quotient surface singularity (A, 0) of type -(1, a), and the set of zero contin¬ 


ued fractions Ke(n/n — a) described in Definition 4.3 


Corollary 10.1. Let (X,0) be a cyclic quotient surface singularity of type ^(l,a). 
Then there is a one-to-one correspondence between the set of P-resolutions o/(A, 0) 
and the set Ke(n/n — a). 


Proof. We consider the situation and notation in Subsection 3.1 In there we start 
with the Hirzebruch surface Fi, two sections S'o and S'oo, and a fiber F. We blow up 
appropriately over S'o H P to obtain a surface X with the configurations of curves 
of the exceptional divisors of i(l,a) and ^{l,n — a). The proper transforms of Sq 
and Sac, are So and Soo, and the relevant chain of CP^’s is 
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— bi —b2 —br-l —bj. —1 —Og —a2 1 — ai +1 

fo ^ ^ D, Z ( 10 . 1 ) 

where 

- = [bi,...,br], -= [ai,...,ae]. 

a n — a 

We blow up one more time at Di n Soo, obtaining a surface X' together with a 
(—l)-curve Dq between Di and Soo- Let X' be the contraction of the exceptional 
divisor corresponding to ^(l^a). 
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We know that there is a (very concrete) one-to-one correspondence between M- 
resolutions and P-resolutions of ^(1, a), and between P-resolutions and irreducible 
components of the reduced versal deformation space of -(1, a) by Kollar-Shepherd- 
Barron 

Let Y’ —>■ X' be an M-resolution of -(l,a). We recall that there are Q- 
Gorenstein smoothings F' C 3^' —)■ 0 € A such that the general fiber contains 
the boundary divisor given by trivially deforming De_i,..., Di, Dq, and 
Sao- We denote these curves by the same letters in the general fiber, when there is 
no confusion. 

We will apply the controlled MMP in Theorem 9.4 to F' C 3^' —)■ 0 € A, in order 
to obtain (—l)-curves in the general fiber which intersect transversally some curves 
in De, De-i,... ,Di. The number of (—l)-curves attached to Di when we run MMP 
will be denoted by di. Each of these (—l)-curves will intersect transversally Di at 
one point, and no other Dj with j ^ z or (—l)-curves which appear in this process. 
When we arrive to a smooth deformation (Theorem 9.4), we keep litaka-Kodaira 
contracting (—l)-curves in the fiber until Dq becomes a CP^ fiber. On the general 
fiber, we would have contracted all (—l)-curves attached to the Pi’s and the ones 
coming from the Pi’s, so that we arrive to Pi with 0 self-intersection. That says 
that the continued fraction 

[Ue de, Q-e—1 de—1, . • . , dl di] 

is equal to zero. This is also saying that in order to obtain F' C 3^' —>■ 0 G A, we 
start with a trivial deformation CP^ x CP^ x A —>■ A, and then anti-flip (usual flip) 
or anti-contract (litaka-Kodaira contraction) a finite number of times. 

To obtain the (—l)-curves attached to the Di, we apply the following algorithm 
(part of what is done in Theorem 9.4). We recall that an M-resolution is formed 
by a chain of CP^ ’s such that at the nodes is either a smooth point of the surface or 
a Wahl singularity, and the same happens for some point in the two ending CP^’s. 

All di,..., de start as 0. Let F' —>■ F' be the minimal resolution of the Wahl 
singularities. Consider the (—l)-curve in the special fiber of F' which touches Dg. 
We have two situations for this curve in F': 

Case 1. If it does not touch a Wahl singularity (i.e. the corresponding end curve 
of the M-resolution has a smooth point of F'), then (by litaka-Kodaira) the curve 
Pe in the general fiber intersects at one point the corresponding (—l)-curve, and 
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SO the de adds 1. We now contract this (—l)-curve and continue contracting any 
(—l)-curve appearing from Z3e, De-i, ■ ■ ■ ,Di until there are no such curves. We do 
this in the family via litaka-Kodaira contractions. 

Case 2. If it does touch a Wahl singularity, then we apply usual flips several times 
(as in Theorem 9.4) until that singularity becomes smooth. When that happens, 
there exists r > 0 such that the configuration of curves De,De-i ,..., Hi in the 
general fiber deforms to 




,D[ 


where H is a (—l)-curve, deforms to H'_^ + E, and Dj deforms to H' for 

j ^ e — r. This can be verified applying Proposition 8.9 several times. Then, 
by litaka-Kodaira, we have a (—l)-curve attached to He_(r+i) which intersects 
transversally at one point, and so we add 1 to de-{r+i)- After that, we litaka- 
Kodaira contract E and all (—l)-curves coming from the new configuration 




j ^e—{r—l) 1 ^e—r^ ^^ ^e—{r+l) 5 ■ ■ ‘ : -^1; 


until there are no such curves. 


After that, we are in a situation of a new M-resolution of a some cyclic quotient 
surface singularity whose dual exceptional divisor is what is left from either 


D. 


e,..., Hi or Hg, Hg_^,..., Hg_(r_i), Hg_g, H, Hg_(^_(_^),..., D[. 


Then we apply the algorithm above again. 

Conversely, the following is an explicit algorithm to recover the P-resolution 
from a zero continued fraction. We recall that a P-resolution of a cyclic quotient 
surface singularity is formed by a chain of CP^’s, such that at the nodes is either 
a T-singularity dna — 1) or rational double point of type Am, m > 1) or a 

smooth point (consistently denoted by Aq) of the surface, and the same happens 
for some point in the two ending CP^’s. 

Let i(l, a) be a cyclic quotient surface singularity. Let (rii,..., Ug) S Kf,{njn — 
a), and di := ai — rii. Consider a chain of CP^’s He,Hg_i,... ,Hi corresponding 
to the Oi’s, just as in the proof above, and let us attach di disjoint (—l)-curves to 
Di, each transversally at one point. 

As before, we explain the P-resolution associated to (ni,...,ng) constructing 
the T-singularities and CP^’s, starting with the (—l)-curve E (in the compactified 
P-resolution) connecting Hg with the first CP^ of the P-resolution. 

1. (a) If de ^ 0, then we have a Ad^-i singularity in the first CP^. 

(b) If de = 0, we find the smallest nonnegative integer r such that de-{r+i) ^ 
0. Then we have a T-singularity 


de— 


e-(r+l) 


n 


^(1? ^e—(r-t-l)^ ^ 1) 


with 

^ _ r 1 

7 — l^e!t • • ■ 5 ^e—r\’ 

a' 

II. Now we contract all (—I)-curves attached to Hg (if La) or to De-(r+i) (if 1(b)), 
and all (—I)-curves after that coming from Hg, De-i ,..., Hi, until there are 
none. 

III. In the contraction in II, the curve Hg may become a (—I)-curve. Let m be the 
number of blow-downs starting with the contraction of Hg (after it becomes 
(—l)-curve), or TO = 0 if Hg never becomes (—l)-curve. Then the first CP^ 
(in the minimal resolution of the P-resolution) has self intersection — (2 -|- to) 
if La, or —(I -f to) if Lb. 
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After this, we obtain a P-resolution for the new cyclic quotient surface singular¬ 
ity, whose dual exceptional divisor is what is left in II. from D^, De-i,... ,Di. We 
now repeat the algorithm. □ 


Remark 10.2. The above procedure only uses the controlled MMP described 
in Theorem 9.4 recovering Stevens’ result [43] on the one-to-one correspondence 
between the set of P-resolutions (for us, passing through the M-resolutions of 
Behnke-Christophersen 0) of a cyclic quotient surface singularity {X, 0) of type 
-(l,a), and the set of zero continued fractions Ke{n/n — a). More importantly, 
Corollary 10.1 above shows a geometric way to connect directly Lisca’s [Mj, and 
Kollar-Shepherd-Barron’s [22] one-to-one correspondences. By Nemethi-Popescu- 
Pampu |30|, it also connects Christophersen-Stevens’ [101 US] correspondence in 
relation to equations of the versal deformation space of (X, 0), and in particular we 
answer the question raised in Nemethi-Popescu-Pampu [Ml §11-2] • 


10.2. Non-cyclic quotient surface singularities. We apply the machinery de¬ 
veloped in the previous section to prove that the Milnor fibres corresponding to 
irreducible components of the reduced versal deformation space of a non-cyclic quo¬ 
tient surface singularity are pairwise non-diffeomorphic by orientation-preserving 
diffeomorphisms. 

At first, we show that any P-resolution F of a quotient surface singularity {X, 0) 
is completely determined by the data of (—l)-curves in the compactified Milnor 
fiber Yt intersecting the compactifying divisor Poo- That is, 


Lemma 10.3. Let Y and Z be P-resolutions of (X, 0). If the dual graphs of the 
data of {—l)-curves and the compactifying divisor Poo in the compactified Milnor 
fibers Yt and Zt intersecting Poo are the same, then Y and Z coincide. 


Proof. As in the proof of Corollary 10. 1[ we present an explicit algorithm to recover 
the P-resolution from the data of (—l)-curves intersecting the compactifying divisor 
Poo in the compactified Milnor fibers Yt. 

Let 


be an arm of Poo in Yt where Af = —at {i = 1,..., e) and Ai is the closest rational 
curve to the node of Poo- Let dj be the number of (—l)-curves that intersect only 
Aj and let jo be the smallest j among { 1 ,..., e} such that dj„ ^ 0 , that is, dj„ ^ 0 
but dj = 0 for all j < jo- 

I. We apply the algorithm described in the proof of Corollary 10. 1[ (to recover a 
P-resolution from a zero continued fraction), instead of a zero continued fraction 
with the sequence (de,..., djg) on the chain Ag, 

Poo- 


Ajg of CP^’s, for each arms of 


Each singularities of class T or A„-singularities on any arms of a compactified 
P-resolution Y such that the node Pq is not a part of their exceptional divisors 
produce bunch of (—l)-curves that intersect only the rational curves on the corre¬ 
sponding arms of Poo in the compactified Milnor fiber Yt. On the other hand, if a 
singularity contains the node Pq as a part of exceptional divisor, then, after usual 
flips and litaka-Kodaira divisorial contractions, we obtain (—l)-curves connecting 
two different rational curves of Poo in Yt. 

So we can recover all singularities on the given compactified P-resolution Y 
such that the node Pq is not a part of the exceptional divisor of Y from the data 
(de ,... ,djg) of each arms of Poo- 

11. We contract all (—l)-curves attached to Ag,... ,Ajg starting from Ag. 
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Such contractions correspond to sequence of usual flips and litaka-Kodaira di- 
visorial contractions of the whole family y. Therefore, as we saw in the proof of 


Theorem 9.4 after keep contracting all the (—l)-curves, there may be at most one 
singularity on the central fiber whose exceptional divisor contain the node Eg. We 
denote the central fiber (after the usual flips and litaka-Kodaira divisorial contrac¬ 
tion) again by Y and the general fiber again Yt. 

III. Find the duals of each arms of Yt. Then the minimal resolution of Y (if there 
is a singularity on Y) or Y itself (if there is no singularity) consists of the duals. 

On the minimal resolution of Y (if there is a singularity on F) or Y itself (if 
there is no singularity), the chain of CP^’s connecting Eq and the node of Eao is 
blown down to a CP^ fiber of the natural fibration to CP^. Therefore the chain 
should consists of the arms of E^o connected with their duals by (—l)-curves, which 
implies that we can recover Y from Yt. □ 

Remark 10.4. The proof of the above theorem says more: A P-resolution is 
completely determined by the data of (—l)-curves that intersect only one of the 
rational curves of Poo- 

Theorem 10.5. The Milnor fibers associated with irreducible components of the re¬ 
duced versal deformation space of a quotient surface singularity are non-diffeomorphic 
to each other. 

Proof. Let Y and Z be P-resolutions of a quotient surface singularity {X, 0) corre¬ 
sponding to two different irreducible components of the reduced versal deformation 
space of X, respectively. The Milnor fibers associated to Y and Z are given by 

Ft \ Poo and Ft \ Poo- 

At first, suppose that the rational surfaces If and Zt are obtained from CP ^ at 
the same time (or from CP^ x CP^) by blowing ups. Then it follows by Remark 


5.6 


that two Milnor fibers are diffeomorphic if and only if the two int ersect ion data of 


(—1)-curves with Poo in Yt and Zt are the same, hence, by Lemma 
if two P-resolutions F and Z are the same. 


10.3 


if and only 


Suppose now that Yt is obtained from CP^ but Z is obtained from CP^ x CP^. 

that two Milnor fibers Yt \ Po 


5.5 


and 


Then as we saw in the proof of Theorem 
Zt \ Poo are not diffeomorphic to each other whether the two intersection data 
of (—l)-curves with Poo in Yt and Zt are the same or not. Hence the assertion 
follows. □ 


11. Minimal symplectic fillings are diffeomorphic to Milnor fibers 

In this section we show that every minimal symplectic filling of a non-cyclic quo¬ 
tient surface singularity is diffeomorphic to one of its Milnor fibers; Theorem] 11.2 


Let (A, 0) be a non-cyclic quotient surface singularity, and let IF be a minimal 


symplectic filling of (A, 0). As we saw in Remark 4.9 there is a rational complex 
surface Z containing a divisor P which is a union of smooth rational complex curves 
whose intersection dual graph is consistent with that of the compactifying divisor 
Poo of (A, 0) such that IF is diffeomorphic to the complement Z — v{E). So we 
need to show that there is a smoothing of A whose Milnor fiber is diffeomorphic to 
Z -v{E). 

Pinkham [391 Theorem 6.7] provided a way to construct a smoothing whose 
Milnor fiber is diffeomorphic to the complement of P under certain cohomological 
conditions. 


Proposition 11.1 (SSW [ISJ Theorem 8.1] and Fowler [TU Theorem 2.2.3]). Let 
Z be a smooth projective rational surface and let E G Z be a union of smooth 
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Figure 15. The dual graph of the compactifying divisor Eao 

rational curves whose intersection dual graph is consistent with that of Eao ■ If E 
supports an ample divisor, then there is a smoothing of X such that its Milnor fiber 
is diffeomorphic to Z — ^{E). 

Proof. We briefly sketch the proof for the convenience of the reader. Assume, in 
general, that the dual graph of E (and hence that of Eao) is given as in Figure [T5| 
where we denote by Ei the central curve with Ei ■ Ei =6—3 and by Eij {j = 
1 ,..., Ci) the curve on the i-th arm with Eij ■ Eij = — . 

According to Pinkham [321 Theorem 6.7], in order to prove the existence of such 
a smoothing, we need to check first that 

H\Z, = 0 

for all A: > 0, where 

3 Ci 

E^^l = kEi + 

i=l j = l 

with = El. Here |"x] denotes the least integer greater than or equal to x. 
But, by SSW [33 Theorem 8.1], we have El^[Z,E^^^) = 0 because Z is a rational 
surface. 

Let 

R = 0i7O(^, i;W). 
k>0 

Set X = Speci?. Let t be a section in E{^{Z,0{Ei)) that defines Ei. Then it 
follows by Pinkham [33 Theorem 6.7] that t defines a flat morphism tt: X —>■ A 
which is a smoothing whose central fiber Spec R/(t) is isomorphic to the singularity 
(A,0). 

It remains to show that the Milnor fiber of the smoothing tt is diffeomorphic to 
Z — v{E). Contracting the three arms of E on Z, we get a singular surface Y with 
three cyclic quotient surface singularities along the curve E C Y, where E is the 
image of Ei. Since E supports an ample divisor, Z — E = Y — E is affine. Therefore 
E is an ample divisor on Y. The divisor is the total transform of kE on Y ; cf. 
Pinkham [33 p.80]. Therefore there is an isomorphism E[^{Y,kE) = {Z, 
Pinkham [33 Propisition 6.5]. Thus Y is isomorphic to Proj R. So the smoothing 
X is the affine cone CiY) over Y embedded by the ample linear series \E\ into 
a projective space CP^, and the map tt is given by taking hyperplane sections. 
Therefore a general fiber of tt is a hyperplane section of the cone CiY) with a 
hyperplane not passing through the vertex of C{Y). Thus the Milnor fiber is 
diffeomorphic to F — v{E) = Z — v{E) = W. □ 

Theorem 11.2. Let (A, 0) he a non-cyclic quotient surface singularity. For any 
minimal symplectic filling W of{X,0), there is a smoothing A —>■ A of {X,0) such 
that W is diffeomorphic to a general fiber Xt o/A —>■ A. 
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Proof. For a given minimal symplectic filling W, let Z be the corresponding rational 
complex surface containing a union E of smooth rational complex curves whose 
intersection dual graph is consistent with that of such that W is diffeomorphic 
to Z — i^{E). By Proposition 11.1 it is enough to show that E supports an ample 
divisor in Z. That is, we need to prove that there is an effective divisor F supported 
on E such that F ■ F > 0 and F ■ D > 0 for all irreducible curve D on Z. 

We will show in Proposition 7.5 that every Milnor fiber of X is also given as 
Yt — E^o , the complement of Eaa from a smooth rational surface Yt . So Yt — E^o is 
affine. Therefore E^o supports an ample divisor in Yt] hence, there is an effective 
divisor E'^ supported on Eao such that E'^ ■ E'^ > 0 and E'^ • I? > 0 for any 
irreducible curve D on Yi; in particular, for any irreducible component, say Ei^ of 
the divisor E^o, we have E’^ ■ Ei > 0. 

By assumption, E and E^o have the same intersection dual graph. So if we take 
a divisor F on Z supported on E whose coefficients are same with those of E'^, 
then we have F- F > 0 and F-Ei > 0 for any irreducible component Ei of E. Hence 
it remains to show that F ■ D > 0, or equivalently E ■ D > 0 (that is, E D D ^ 0), 
for any irreducible curve D on Z which is not a component of E. 


Case 1. Dihedral singularities. 

As we saw in Section]^ the rational surface Z with the divisor E can be obtained 
from CP^ or CP^ x CP^ by a sequence of blow-ups and blow-downs. Refer Figure]^ 

Let H C ^ be an irreducible curve which is not a component of E. If H is a 
(—l)-curve then D should intersect with E because W = Z — E is minimal by the 
assumption. So one may assume that D is not a (—l)-curve. Then D is transformed 
to an irreducible curve Dq in CP^ or CP^ x CP^. 

Case 1-1. {Z,E) is obtained from . 

If the degree of Dq is greater than one, then Dq ■ L > 2. Then it is easy to see 
that D intersects with E at i G Z, the image of L in Z. So we assume that Dq is 
a line in CP^. If q ^ Dq, then D intersects E at So we assume that q G Dq. We 
may choose p G C such that the tangent line at p to C does not pass through q. 
Then the line Dq should intersect C at some points which are not equal to p, q. So 
if we choose the blowing-up points r (if any) on C so that p, q, r are not collinear, 
then D intersects with E on Z. 


Case 1-2. {Z,E) is obtained from x CP^. 

If Dq intersects L in CP^ x CP^, then D intersects E at £ G E. So assume that 
Dq and L are curves with the same type (1,0) in CP^ x CP^. It is easy to show 
that there are only finitely many points r on the cuspidal curve C such that a line 
of type (1,0) is the tangent line to C at r S C. Therefore, if we choose p ^ r, then 
Dq should intersect C at some point q p. Since we may assume that there is no 
point in C other that p where we blow up C (Remark |4.10[ ), D should intersect E. 

Case 2. Tetrahedral, octahedral, icosahedral singularities of type (3,2). 

In order to obtain the rational surface Zi from CP^ in Figure]^ we blow up the 
cuspidal curve C at the point p (including infinitely near points over p), and, if 
necessary, we blow up at some extra (smooth) points of C different from p. So we 
divide the proof into two subcases. 

Case 2-1. We need extra blow-ups to obtain from CP^. Or Zi is obtained 
from CP^ X CP^ (whether we need extra blow-ups or not). 

In case of CP^, let M be the line passing through the cusp singularity of C and 
one of the centers of the extra blow-ups. And, in case of CP^ x CP^, let M be a 
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CP^ CP”- X CP”- 

Figure 16. New sequence of blow-ups and blow-downs for certain 
tetrahedral, octahedral, or icosahedral singularities of type (3, 2) 


curve of type (1,0) or (0,1) passing through the cusp singularity. Then it is easy 
to show that the proper transform to of M in Z is a (—l)-curve intersecting the 
(—3)-curve inside Z. See Figure 16 So, instead of following Figure we first 


blow down the (—l)-curve to. We then apply the same procedure of blow-downs 
and blow-ups for dihedral singularities (described in Figure to our case as in 
Figure [T6| Then one can prove the ampleness of the compactifying divisor E \w Z 
by the same method as in the case of dihedral singularities. 


Case 2-2. We do not need extra blow-ups to obtain Z\ from CP^ 


Suppose that there is an irreducible curve D iw Z which does not intersect E. 
Then its image Dq in CP^ should be an irreducible curve which intersects the 
cuspidal curve C only at p S (7. Assume that Dq is a curve of degree n. Then 
the intersection multiplicity of and C at p is 3n. But, if we choose a general 
point p of C so that p is not a inflection point of the cuspidal curve (7, then it is 
impossible that the intersection multiplicity of an irreducible plane curve of degree 
n and the cuspidal curve at p is 3n. For instance, if we parametrize an affine part 
of the cuspidal curve C by ■ t G C} and if p = {tQ,to) for some to ^ 0, then, 

an irreducible curve Dq = {{x,y) S : f{x,y) = 0} of degree n intersects with C 
at p with multiplicity 3n if and only if /(t^, C) = a{t — to)^" for some a £ C. But 
does not have a linear term in t, while a{t — to)^" has a linear term in t, 
which is a contradiction. 
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Figure 17. New sequence of blow-ups and blow-downs for tetra¬ 
hedral, octahedral, icosahedral singularities of type (3,1) 


Therefore any irreducible curve Dq in CP^ should intersect the cuspidal curve 
C at a point different from p. Then its image D in Z intersects the compactifying 
divisor E. 

Case 3. Tetrahedral, octahedral, icosahedral singularities of type (3,1). 

Instead of following the sequence of blowing ups and blowing downs described 
in Figure we blow up and blow down as described in Figure [m Then the 
divisor E C Z is the total transform of a line L and a smooth cubic curve in CP^ 
intersecting as in Figure [T tI Since every irreducible curve in CP^ intersects with L, 
the assertion follows. □ 

According to the result on the one-to-one correspondence between P-resolutions 
and the irreducible components of the reduced semi-universal deformation space in 
KSB [22], any Milnor fibers of a quotient surface singularity can be obtained by 
smoothing the corresponding P-resolution. Combined with Theorem |11.2| 

Theorem 11.3. Any minimal symplectic filling of a quotient surface singularity is 
obtained by a sequence of rational blow-downs from its unique maximal resolution. 

Proof. By Theorem [m every minimal symplectic filling is diffeomorphic to a 
Milnor fiber. On the other hand, by Corollary |7.3| above, any Milnor fiber is topo¬ 
logically a rationally blown-down P-resolution. Therefore the assertion follows. □ 

Remark 11.4. As mentioned in Introduction, Bhupal and Ozbagci |5| also proved 
a similar result for cyclic quotient surface singularities by using a Lefschetz hbration 
technique. 
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Corollary 11.5. For any quotient surface singularities (X, 0), there is a one-to-one 
correspondence between minimal symplectic fillings and Milnor fibers of irreducible 
components of the versal deformation space of {X, 0). 


Remark 11.6. The number of P-resolutions of a given quotient surface singularity 
given in Stevens [44] and that of minimal symplectic fillings of the singularity in 
Bhupal-Ono [4] coincide; (cf. Remarks 4.12 6.11). So, combined with the classifi¬ 
cation of minimal symplectic fillings in Theorem 5.5[ one-to-one correspondence in 
Corollary 1 11. 5| provides another proof of Theorem |10.5| on the fact that two Milnor 
fibers associated to different components of Def(X) are non-diffeomorphic given, 
which, however, depends heavily on the lists of Stevens [44] and Bhupal-Ono |4]. 


Remark 11.7. Ohta and Ono proved similar results not only for ADE singulari¬ 
ties but also simple elliptic singularities. They showed [52] that the diffeomorphism 
type of a minimal symplectic filling W of an ADE singularity is unique. So W is 
diffeomorphic to its unique Milnor fiber, hence to its minimal resolution. Eurther- 
more, for any simple elliptic singularity (which is not a quotient surface singularity), 
they also showed m that a minimal symplectic filling W is diffeomorphic to its 
Milnor fiber or its minimal resolution. Hence it would be an interesting problem to 
characterize normal surface singularities for which such correspondence holds. 
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